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DIRAC OPERATORS ON FOLIATIONS: THE LICHNEROWICZ
INEQUALITY
WEIPING ZHANG
Abstract. We construct Dirac operators on foliations by applying the Bismut-Lebeau
analytic localization technique to the Connes fibration over a foliation. The Laplacian
of the resulting Dirac operators has better lower bound than that obtained by using the
usual adiabatic limit arguments on the original foliation. As a consequence, we prove
an extension of the Lichnerowicz-Hitchin vanishing theorem to the case of foliations.
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0. Introduction
LetD be the canonical Dirac operator on a closed spin Riemannian manifold. Then the
standard Lichnerowicz formula [10] states that D2 = −∆+ k
4
, where ∆ is the associated
Bochner Laplacian and k is the scalar curvature of the Riemannian manifold. Moreover,
1
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−∆ is nonnegative and one has the classical inequality
D2 ≥ k
4
.(0.1)
The purpose of this paper is to generalize of this Lichnerowicz inequality to the case of
foliations.
To be more precise, let M be a smooth manifold, let F be an integrable subbundle
of the tangent vector bundle TM of M . Let gF be a Euclidean metric on F . Then
gF determines a leafwise scalar curvature kF ∈ C∞(M) as follows: for any x ∈ M , the
integrable subbundle F determines a leaf Fx passing through x such that F |Fx = TFx.
Thus, gF determines a Riemannian metric on Fx. Let kFx denote the scalar curvature
of this Riemannian metric. We define
kF (x) = kFx(x).(0.2)
On the other hand, let F⊥ ≃ TM/F be a subbundle of TM which is transversal to
F .1 Let gF
⊥
be a Euclidean metric on F⊥. Then we get a Riemannian metric gTM on
TM so that we have an orthogonal splitting
TM = F ⊕ F⊥, gTM = gF ⊕ gF⊥.(0.3)
Let ∇B be the Bott connection [4] on TM/F ≃ F⊥. Set2
ω =
(
gF
⊥
)−1
∇BgF⊥.(0.4)
Now we assume that M is spin. Let f1, · · · , fq (resp. h1, · · · , hq1) be an orthonormal
basis of (F, gF ) (resp. (F⊥, gF
⊥
)).
The main result of this paper can be stated as follows.
Theorem 0.1. Let F be an integrable subbundle of the tangent bundle of a closed spin
manifold M as above. Then for any c > 0, there is a formally self-adjoint Dirac type op-
erator Dc on M , which can be constructed canonically,
3 such that the following inequality
holds,
D2c + c ≥
1
4
(
kF − 1
4
q∑
i=1
q1∑
s=1
|ω(fi)hs|2
)
.(0.5)
Corollary 0.2. Let F be an integrable subbundle of the tangent bundle of a closed spin
manifold M . Then if there is a metric gTM of form (0.3) such that
kF − 1
4
q∑
i=1
q1∑
s=1
|ω(fi)hs|2 > 0(0.6)
over M , one has Â(M) = 0, where Â(M) ∈ KOdimM(pt.) is the canonical KO-
characteristic number of M .4
1In what follows, we identify F⊥ with TM/F .
2Equivalently, for any X ∈ Γ(TM), U, V ∈ Γ(F⊥), one has 〈ω(X)U, V 〉 = X〈U, V 〉 − 〈∇BXU, V 〉 −〈
U,∇BXV
〉
.
3See (2.187) for a more precise form.
4Cf. [9, Section II.7] for a definition of Â(M).
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When taking F = TM , Corollary 0.2 recovers the classical vanishing theorems of
Lichnerowicz [10] and Hitchin [8]) (cf. [9, Theorem II.8.12]).
By (0.1), a natural possible way to prove Theorem 0.1 is to compute the scalar cur-
vature kTM,ε of the metric gTMε = g
F ⊕ 1
ε2
gF
⊥
, when ε > 0 tends to zero. An explicit
formula for kTM,ε under the adiabatic limit ε→ 0 is included in Appendix A, from which
one sees that the condition in (0.6) is cleaner than what one would expect from kTM,ε
(cf. (A.7)). Indeed, even in the codimension one case, the bound −1
4
in (0.6) is better
than what one would expect from kTM,ε, which is −3
4
(cf. (A.11)).
Remark 0.3. Corollary 0.2 maybe thought of as a non-existence result. For example,
take any 8k + 1 dimensional closed spin manifold M such that Â(M) 6= 0. Then by a
result of Thurston [14], there always exists a codimension one foliation on M . However,
by our result, there is no metric on TM verifying (0.6).
Our original motivation, dating back to [13], is to look for a purely geometric un-
derstanding of the following celebrated vanishing theorem of Connes, where instead of
assuming TM being spin, one assumes that F is spin .
Theorem 0.4. (Connes [5]) Let F be a spin integrable subbundle of the tangent bundle
of a compact oriented manifold M . If there is a metric gF on F such that kF > 0 over
M , then Â(M) = 0.
Clearly, if one assumes that dimM = 4k and that TM is also spin, then Theorem 0.4
is stronger than Corollary 0.2 in this case.
Recall that the proof outlined in [5] for Theorem 0.4 uses in an essential way the non-
commutative geometry. It is based on the Connes-Skandalis longitudinal index theorem
for foliations [6] as well as the techniques of cyclic cohomology. Thus it relies on the spin
structure on F . Also, it does not cover the dimM = 8k + i (i = 1, 2) cases.
Our main result, as stated in Theorem 0.1, concerns concrete Dirac type operators on
M . It gives more information (like eigenvalue estimates) than just the index.
The construction of the Dirac type operator in Theorem 0.1 makes use of the important
geometric trick in [5], which is the construction of a fibration5 over an arbitrary foliation.
The key advantage of this fibration is that the lifted (from the original) foliation is
almost isometric, i.e., very close to the Riemannian foliation (which corresponds to the
ω = 0 case). On the other hand, this fibration is noncompact, which makes the proof of
Theorem 0.1 highly nontrivial.
Roughly speaking, the Connes fibration over a foliation (M,F ) is a fibration π :M→
M where for any x ∈M , the fiber π−1(x) is the space of Euclidean metrics on the quotient
space TxM/Fx. The integrable subbundle F of TM lifts to an integrable subbundle F
of TM, and (M,F) carries an almost isometric structure in the sense of [5, Section
4]. Take any metric on the transverse bundle TM/F , which by definition determines an
embedded section s :M →֒ M.
Our proof of Theorem 0.1 applies the analytic localization techniques, as developed
by Bismut-Lebeau [3, Sections 8 and 9], to the embedding s : M →֒ M, and can be
thought of as a kind of transgression.
5Which will be called a Connes fibration in what follows.
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To be more precise, let T VM be the vertical tangent bundle of the Connes fibration
π : M → M . Taking a splitting TM = F ⊕ T VM⊕ F⊥, then T VM (resp. F⊥ ≃
π∗(TM/F )) carries a natural metric gT
VM (resp. gF
⊥
). If one lifts gF to a metric
gF on F , then for any β > 0, ε > 0, one can consider the rescaled metric gTMβ,ε =
β2gF ⊕ gTVM ⊕ gF
⊥
ε2
.
Since TM is assumed to be spin, F ⊕ F⊥ ≃ π∗(TM) is also spin. Thus one can
construct a Dirac type operator6 DMβ,ε acting on Γ(S(F ⊕F⊥)⊗ Λ∗(T VM)), where S(·)
(resp. Λ∗(·)) is the notation for spinor bundle (resp. exterior algebra bundle).
Now take a sufficiently small open neighborhood U of s(M) inM. Inspired by [3], for
any β, ε, T > 0, we construct an isometric embedding (see Section 2 for more details)
JT,β,ε : Γ
(
S
(F ⊕ F⊥)∣∣
s(M)
)
→ Γ (S (F ⊕ F⊥)⊗ Λ∗ (T VM))(0.7)
such that for any σ ∈ Γ(S(F⊕F⊥)|s(M)), JT,β,εσ has compact support in U . Let ET,β,ε be
the L2-completion of the image space of JT,β,ε. Let pT,β,ε : L
2(S(F⊕F⊥)⊗Λ∗(T VM))→
ET,β,ε be the orthogonal projection. Then one finds that the operator
J−1T,β,εpT,β,εD
M
β,εJT,β,ε : Γ
(
S
(F ⊕ F⊥)∣∣
s(M)
)
→ Γ
(
S
(F ⊕F⊥)∣∣
s(M)
)
(0.8)
is elliptic, formally self-adjoint and homotopic to the Dirac operator on s(M) ≃ M .
Thus Theorem 0.1 will follow if one can show that for certain values of β, ε and T , this
operator verifies the estimate in (0.5). Indeed, this is exactly what we will establish in
this paper.
We would like to mention that the idea of constructing sub-Dirac operators has also
been used in [11] to prove a generalization of the Atiyah-Hirzebruch vanishing theorem
for circle actions [1] to the case of foliations.
This paper is organized as follows. In Section 1, we discuss the case of almost isometric
foliations and carry out the local computation. We also introduce the sub-Dirac operator
in this section. In Section 2, we work on noncompact Connes fibrations and carry out
the proof of Theorem 0.1. There is also an Appendix A where we include a caculation
of the adiabatic limit behaviour of the scalar curvature on a foliation.
Acknowledgements The author is indebted to Kefeng LIU for sharing his ideas in the
joint work [13] and for many related discussions. The author is also grateful to Huitao
FENG, Xiaonan MA and Yong WANG for many helpful suggestions. We would also like
to thank the referees of this paper for many helpful suggestions. This work was partially
supported by MOEC and NNSFC.
1. Adiabatic limit and almost isometric foliations
In this section, we discuss the geometry of almost isometric foliations in the sense of
Connes [5]. We introduce for this kind of foliations a rescaled metric and show that
the leafwise scalar curvature shows up from the limit behavior of the rescaled scalar
curvature. We also introduce in this setting the sub-Dirac operators inspired by the
6Called a sub-Dirac operator in [13].
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original construction given in [13]. Finally, by combining the above two procedures, we
prove a vanishing result when the almost isometric foliation under discussion is compact.
This section is organized as follows. In Section 1.1, we recall the definition of the
almost isometric foliation in the sense of Connes. In Section 1.2 we introduce a rescaling
of the given metric on the almost isometric foliation and study the corresponding limit
behavior of the scalar curvature. In Section 1.3, we study Bott type connections on
certain bundles transverse to the integrable subbundle. In Section 1.4, we introduce the
so called sub-Dirac operator and compute the corresponding Lichnerowicz type formula.
In Section 1.5 we prove a vanishing result when the almost isometric foliation is compact
and verifies the conditions in Theorem 0.4.
1.1. Almost isometric foliations. Let (M,F ) be a foliated manifold, where F is an
integrable subbundle of TM , i.e., for any smooth sections X, Y ∈ Γ(F ), one has
[X, Y ] ∈ Γ(F ).(1.1)
Let G be the holonomy groupoid of (M,F ) (cf. [15]).
Let TM/F be the transverse bundle. We make the assumption that there is a proper
subbundle E of TM/F and choose a splitting
TM/F = E ⊕ (TM/F )/E.(1.2)
Let q1, q2 denote the ranks of E and (TM/F )/E respectively.
Definition 1.1. (Connes [5, Section 4]) If there exists a metric gTM/F on TM/F with
its restrictions to E and (TM/F )/E such that the action of G on TM/F takes the form(
O(q1) 0
A O(q2)
)
,(1.3)
where O(q1), O(q2) are orthogonal matrices of ranks q1, q2 respectively, and A is a q2×q1
matrix, then we say that (M,F ) carries an almost isometric structure.
Clearly, the existence of the almost isometric structure does not depend on the splitting
(1.2). We assume from now on that (M,F ) carries an almost isometric structure as above.
Now choose a splitting TM = F ⊕ F⊥. We can and we will identify TM/F with F⊥.
Thus E and (TM/F )/E are identified with subbundles F⊥1 , F
⊥
2 of F
⊥ respectively.
Let gF be a metric on F . Let gF
⊥
be the metric on F⊥ corresponding to the metric
gTM/F and let gF
⊥
1 , gF
⊥
2 be the restrictions of gF
⊥
to F⊥1 , F
⊥
2 .
Let gTM be a metric on TM so that we have the orthogonal splitting
TM = F ⊕ F⊥1 ⊕ F⊥2 , gTM = gF ⊕ gF
⊥
1 ⊕ gF⊥2 .(1.4)
Let ∇TM be the Levi-Civita connection associated to gTM .
From the almost isometric condition (1.3), one deduces that for anyX ∈ Γ(F ), Ui, Vi ∈
Γ(F⊥i ), i = 1, 2, the following identities, which may be thought of as infinitesimal
versions of (1.3), hold (cf. [13, (A.5)]):
〈[X,Ui], Vi〉+ 〈Ui, [X, Vi]〉 = X〈Ui, Vi〉,
〈[X,U2], U1〉 = 0.
(1.5)
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Equivalently, 〈
X,∇TMUi Vi +∇TMVi Ui
〉
= 0,〈∇TMX U2, U1〉+ 〈X,∇TMU2 U1〉 = 0.(1.6)
In this paper, for simplicity, we also make the following assumption. This assumption
holds by the Connes fibration to be dealt with in the next section.
Definition 1.2. We call an almost isometric foliation as above verifies Condition (C) if
F⊥2 is also integrable. That is, for any U2, V2 ∈ Γ(F⊥2 ), one has
[U2, V2] ∈ Γ
(
F⊥2
)
.(1.7)
1.2. Adiabatic limit and the scalar curvature. It has been shown in [13, Proposi-
tion A.2] that an almost isometric foliation in the sense of Definition 1.1 is an almost
Riemannian foliation in the sense of [13, Definition 2.1]. Thus many computations in
what follows are contained implicitly in [13] (see also [12]).
For convenience, we recall the standard formula for the Levi-Civita connection that
for any X, Y, Z ∈ Γ(TM),
(1.8) 2
〈∇TMX Y, Z〉 = X〈Y, Z〉+ Y 〈X,Z〉 − Z〈X, Y 〉
+ 〈[X, Y ], Z〉 − 〈[X,Z], Y 〉 − 〈[Y, Z], X〉.
For any β, ε > 0, let gTMβ,ε be the rescaled Riemannian metric on TM defined by
gTMβ,ε = β
2gF ⊕ 1
ε2
gF
⊥
1 ⊕ gF⊥2 .(1.9)
We will always assume that 0 < β, ε ≤ 1. We will use the subscripts and/or superscripts
“β, ε” to decorate the geometric data associated to gTMβ,ε . For example, ∇TM,β,ε will
denote the Levi-Civita connection associated to gTMβ,ε . When the corresponding notation
does not involve “β, ε”, we will mean that it corresponds to the case of β = ε = 1.
Let p, p⊥1 , p
⊥
2 be the orthogonal projections from TM to F , F
⊥
1 , F
⊥
2 with respect to
the orthogonal splitting (1.4). Let ∇F,β,ε, ∇F⊥1 ,β,ε, ∇F⊥2 ,β,ε be the Euclidean connections
on F , F⊥1 , F
⊥
2 defined by
∇F,β,ε = p∇TM,β,εp, ∇F⊥1 ,β,ε = p⊥1∇TM,β,εp⊥1 , ∇F
⊥
2 ,β,ε = p⊥2∇TM,β,εp⊥2 .(1.10)
In particular, one has
∇F = p∇TMp, ∇F⊥1 = p⊥1∇TMp⊥1 , ∇F
⊥
2 = p⊥2∇TMp⊥2 .(1.11)
By (1.8)-(1.11) and the integrability of F , the following identities hold for X ∈ Γ(F ):
∇F,β,ε = ∇F , p∇TM,β,εX p⊥i = p∇TMX p⊥i , i = 1, 2,(1.12)
p⊥1∇TM,β,εX p = β2ε2p⊥1∇TMX p, p⊥2∇TM,β,εX p = β2p⊥2∇TMX p.
From (1.5)-(1.9), we deduce that for X ∈ Γ(F ), Ui, Vi ∈ Γ(F⊥i ), i = 1, 2,〈
∇TM,β,εU1 V1, X
〉
=
〈∇TMU1 V1, X〉 = 12 〈[U1, V1] , X〉 ,(1.13)
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while 〈
∇TM,β,εU2 V2, X
〉
=
〈∇TMU2 V2, X〉 = 12 〈[U2, V2] , X〉 = 0.(1.14)
Equivalently, for any Ui ∈ Γ(F⊥i ), i = 1, 2,
p⊥1∇TM,β,εU1 p = β2ε2p⊥1∇TMU1 p, p⊥2∇TM,β,εU2 p = 0.(1.15)
Similarly, one verifies that〈
∇TM,β,εU1 X,U2
〉
=
1
2
〈[U1, X ], U2〉 − β
2
2
〈[U1, U2], X〉 ,(1.16) 〈
∇TM,β,εU2 X,U1
〉
=
ε2
2
〈[U1, X ], U2〉+ β
2ε2
2
〈[U1, U2], X〉 .
For convenience of the later computations, we collect the asymptotic behavior of var-
ious covariant derivatives in the following lemma. These formulas can be derived by
applying (1.5)-(1.9). The inner products appear in the lemma correspond to β = ε = 1.
Lemma 1.3. The following formulas hold for X, Y, Z ∈ Γ(F ), Ui, Vi, Wi ∈ Γ(F⊥i ) with
i = 1, 2, when β > 0, ε > 0 are small,
〈
∇TM,β,εX Y, Z
〉
= O(1),
〈
∇TM,β,εX Y, U1
〉
= O
(
β2ε2
)
,
〈
∇TM,β,εX Y, U2
〉
= O
(
β2
)
,
(1.17)
〈
∇TM,β,εX U1, Y
〉
= O (1) ,
〈
∇TM,β,εX U1, V1
〉
= O (1) ,
〈
∇TM,β,εX U1, U2
〉
= O (1) ,
(1.18)
〈
∇TM,β,εX U2, Y
〉
= O (1) ,
〈
∇TM,β,εX U2, U1
〉
= O
(
ε2
)
,
〈
∇TM,β,εX U2, V2
〉
= O (1) ,
(1.19)
〈
∇TM,β,εU1 X, Y
〉
= O (1) ,
〈
∇TM,β,εU1 X, V1
〉
= O
(
β2ε2
)
,
〈
∇TM,β,εU1 X,U2
〉
= O (1) ,
(1.20)
〈
∇TM,β,εU1 V1, X
〉
= O (1) ,
〈
∇TM,β,εU1 V1,W1
〉
= O (1) ,
〈
∇TM,β,εU1 V1, U2
〉
= O
(
1
ε2
)
,
(1.21)
〈
∇TM,β,εU1 U2, X
〉
= O
(
1
β2
)
,
〈
∇TM,β,εU1 U2, V1
〉
= O (1) ,
〈
∇TM,β,εU1 U2, V2
〉
= O (1) ,
(1.22)
〈
∇TM,β,εU2 X, Y
〉
= O (1) ,
〈
∇TM,β,εU2 X,U1
〉
= O
(
ε2
)
,
〈
∇TM,β,εU2 X, V2
〉
= 0,(1.23)
〈
∇TM,β,εU2 U1, X
〉
= O
(
1
β2
)
,
〈
∇TM,β,εU2 U1, V1
〉
= O (1) ,
〈
∇TM,β,εU2 U1, V2
〉
= O (1) ,
(1.24)
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∇TM,β,εU2 V2, X
〉
= 0,
〈
∇TM,β,εU2 V2, U1
〉
= O
(
ε2
)
,
〈
∇TM,β,εU2 V2,W2
〉
= O (1) .(1.25)
In what follows, when we compute the asymptotics of various covariant derivatives,
we will simply use the above asymptotic formulas freely without further notice.
Let RTM,β,ε = (∇TM,β,ε)2 be the curvature of ∇TM,β,ε. Then for any X, Y ∈ Γ(TM),
one has the following standard formula,
RTM,β,ε(X, Y ) = ∇TM,β,εX ∇TM,β,εY −∇TM,β,εY ∇TM,β,εX −∇TM,β,ε[X,Y ] .(1.26)
Let RF = (∇F )2 be the curvature of ∇F . Let kTM,β,ε, kF denote the scalar curvature of
gTM,β,ε, gF respectively. Recall that kF is defined in (0.2). The following formula for kF
is obvious,
kF = −
rk(F )∑
i, j=1
〈
RF (fi, fj) fi, fj
〉
,(1.27)
where fi, i = 1, · · · , rk(F ), is an orthonormal basis of F . Clearly, when F = TM , it
reduces to the usual definition of the scalar curvature kTM of gTM .
Proposition 1.4. If Condition (C) holds, then when β > 0, ε > 0 are small, the
following formula holds uniformly on any compact subset of M ,
kTM,β,ε =
kF
β2
+O
(
1 +
ε2
β2
)
.(1.28)
Proof. By (1.1), (1.12), (1.26) and Lemma 1.3, one deduces that when β > 0, ε > 0 are
very small, for any X, Y ∈ Γ(F ), one has
(1.29)
〈
RTM,β,ε(X, Y )X, Y
〉
=
〈
∇TM,β,εX
(
p+ p⊥1 + p
⊥
2
)∇TM,β,εY X, Y 〉
−
〈
∇TM,β,εY
(
p+ p⊥1 + p
⊥
2
)∇TM,β,εX X, Y 〉− 〈∇TM,β,ε[X,Y ] X, Y 〉
=
〈
RF (X, Y )X, Y
〉− β2ε2 〈p⊥1∇TMY X,∇TMX Y 〉− β2 〈p⊥2∇TMY X,∇TMX Y 〉
+ β2ε2
〈
p⊥1∇TMX X,∇TMY Y
〉
+ β2
〈
p⊥2∇TMX X,∇TMY Y
〉
=
〈
RF (X, Y )X, Y
〉
+O
(
β2
)
.
For X ∈ Γ(F ), U ∈ Γ(F⊥1 ), by (1.5)-(1.26), one finds that when β, ε > 0 are small,
(1.30)
〈
RTM,β,ε(X,U)X,U
〉
=
〈
∇TM,β,εX
(
p+ p⊥1 + p
⊥
2
)∇TM,β,εU X,U〉
−
〈
∇TM,β,εU
(
p + p⊥1 + p
⊥
2
)∇TM,β,εX X,U〉−〈∇TM,β,ε(p+p⊥1 +p⊥2 )[X,U ]X,U
〉
= β2ε2
〈∇TMX p∇TMU X,U〉 + β2ε2 〈∇TM,β,εX p⊥1∇TMU X,U〉− ε2 〈p⊥2∇TM,β,εU X,∇TM,β,εX U〉
−β2ε2 〈∇TMU p∇TMX X,U〉− β2ε2 〈∇TM,β,εU p⊥1∇TMX X,U〉 + ε2 〈p⊥2∇TM,β,εX X,∇TM,β,εU U〉
−β2ε2
〈
∇TM(p+p⊥1 )[X,U ]X,U
〉
−
〈
∇TM,β,ε
p⊥2 [X,U ]
X,U
〉
= O
(
β2 + ε2
)
.
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Similarly, for X ∈ Γ(F ), U ∈ Γ(F⊥2 ), one has that when β > 0, ε > 0 are small,
(1.31)
〈
RTM,β,ε(X,U)X,U
〉
=
〈
∇TM,β,εX
(
p+ p⊥1 + p
⊥
2
)∇TM,β,εU X,U〉
−
〈
∇TM,β,εU
(
p + p⊥1 + p
⊥
2
)∇TM,β,εX X,U〉− 〈∇TM,β,ε(p+p⊥1 +p⊥2 )[X,U ]X,U
〉
= β2
〈∇TMX p∇TMU X,U〉− 1ε2 〈p⊥1∇TM,β,εU X,∇TM,β,εX U〉 + β2 〈∇TM,β,εX p⊥2∇TMU X,U〉
−β2 〈∇TMU p∇TMX X,U〉− β2ε2 〈∇TM,β,εU p⊥1∇TMX X,U〉− β2 〈∇TM,β,εU p⊥2∇TMX X,U〉
−β2 〈∇TMp[X,U ]X,U〉− β2 〈∇TMp⊥2 [X,U ]X,U〉 = O (β2 + ε2) .
For U, V ∈ Γ(F⊥1 ), one verifies that
(1.32)
〈
RTM,β,ε(U, V )U, V
〉
=
〈
∇TM,β,εU
(
p+ p⊥1 + p
⊥
2
)∇TM,β,εV U, V 〉
−
〈
∇TM,β,εV
(
p+ p⊥1 + p
⊥
2
)∇TM,β,εU U, V 〉−〈∇TM,β,ε(p+p⊥1 +p⊥2 )[U,V ]U, V
〉
= β2ε2
〈
∇TMU p∇TM,β,εV U, V
〉
+
〈∇TMU p⊥1∇TMV U, V 〉− ε2 〈p⊥2∇TM,β,εV U,∇TM,β,εU V 〉
−β2ε2
〈
∇TMV p∇TM,β,εU U, V
〉
− 〈∇TMV p⊥1∇TMU U, V 〉+ ε2 〈p⊥2∇TM,β,εU U,∇TM,β,εV V 〉
−
〈
∇TM,β,εp[U,V ] U, V
〉
−
〈
∇TMp⊥1 [U,V ]U, V
〉
−
〈
∇TM,β,ε
p⊥2 [U,V ]
U, V
〉
= −ε2
〈
p⊥2∇TM,β,εV U,∇TM,β,εU V
〉
+ ε2
〈
p⊥2∇TM,β,εU U,∇TM,β,εV V
〉
+O (1) = O
(
1
ε2
)
,
from which one gets that when β > 0, ε > 0 are small,
ε2
〈
RTM,β,ε(U, V )U, V
〉
= O (1) .(1.33)
For U, V ∈ Γ(F⊥2 ), one verifies directly that
(1.34)
〈
RTM,β,ε(U, V )U, V
〉
=
〈
∇TM,β,εU
(
p+ p⊥1 + p
⊥
2
)∇TM,β,εV U, V 〉
−
〈
∇TM,β,εV
(
p+ p⊥1 + p
⊥
2
)∇TM,β,εU U, V 〉− 〈∇TM,β,ε[U,V ] U, V 〉
= β2
〈
∇TMU p∇TM,β,εV U, V
〉
− 1
ε2
〈
p⊥1∇TM,β,εV U,∇TM,β,εU V
〉
+
〈∇TMU p⊥2∇TMV U, V 〉
− β2
〈
∇TMV p∇TM,β,εU U, V
〉
+
1
ε2
〈
p⊥1∇TM,β,εU U,∇TM,β,εV V
〉
− 〈∇TMV p⊥2∇TMU U, V 〉
− 〈∇TM[U,V ]U, V 〉 = O(1).
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For U ∈ Γ(F⊥1 ), V ∈ Γ(F⊥2 ), one verifies directly that,
(1.35)
〈
RTM,β,ε(U, V )U, V
〉
=
〈
∇TM,β,εU
(
p+ p⊥1 + p
⊥
2
)∇TM,β,εV U, V 〉
−
〈
∇TM,β,εV
(
p+ p⊥1 + p
⊥
2
)∇TM,β,εU U, V 〉− 〈∇TM,β,ε[U,V ] U, V 〉
= −β2
〈
p∇TM,β,εV U,∇TM,β,εU V
〉
− 1
ε2
〈
p⊥1∇TM,β,εV U,∇TM,β,εU V
〉
+
〈
∇TM,β,εU p⊥2∇TM,β,εV U, V
〉
+ β2
〈
p∇TM,β,εU U,∇TM,β,εV V
〉
+
1
ε2
〈
p⊥1∇TM,β,εU U,∇TM,β,εV V
〉
−
〈
∇TMV p⊥2∇TM,β,εU U, V
〉
+
1
ε2
〈
U,∇TM,β,ε[U,V ] V
〉
= O
(
1
ε2
+
1
β2
)
,
from which one gets that when β > 0, ε > 0 are small,
ε2
〈
RTM,β,ε(U, V )U, V
〉
=
〈
RTM,β,ε(V, U)V, U
〉
= O
(
1 +
ε2
β2
)
.(1.36)
From (1.27), (1.29)-(1.31), (1.33), (1.34) and (1.36), one gets (1.28). 
1.3. Bott connections on F⊥1 and F
⊥
2 . From (1.5) and (1.7)-(1.10), one verifies di-
rectly that for X ∈ Γ(F ), Ui, Vi ∈ Γ(F⊥i ), i = 1, 2, one has〈
∇F⊥1 ,β,εX U1, V1
〉
= 〈[X,U1] , V1〉 − β
2ε2
2
〈[U1, V1] , X〉 ,(1.37) 〈
∇F⊥2 ,β,εX U2, V2
〉
= 〈[X,U2] , V2〉 .
By (1.37), one has that for X ∈ Γ(F ), Ui ∈ Γ(F⊥i ), i = 1, 2,
lim
ε→0+
∇F⊥i ,β,εX Ui = ∇˜F
⊥
i
X Ui := p
⊥
i [X,Ui] .(1.38)
Let ∇˜F⊥i be the connection on F⊥i defined by the second equality in (1.38) and by
∇˜F⊥iU Ui = ∇F
⊥
i
U Ui for U ∈ Γ(F⊥) = Γ(F⊥1 ⊕F⊥2 ). In view of (1.38) and [4], we call ∇˜F
⊥
i a
Bott connection on F⊥i for i = 1 or 2. Let R˜
F⊥i denote the curvature of ∇˜F⊥i for i = 1, 2.
The following result holds without Condition (C).
Lemma 1.5. For X, Y ∈ Γ(F ) and i = 1, 2, the following identity holds,
R˜F
⊥
i (X, Y ) = 0.(1.39)
Proof. We proceed as in [16, Proof of Lemma 1.14]. By (1.38) and the standard formula
for the curvature (cf. [16, (1.3)]), for any U ∈ Γ(F⊥i ), i = 1, 2, one has,
(1.40) R˜F
⊥
i (X, Y )U = ∇˜F⊥iX ∇˜F
⊥
i
Y U − ∇˜F
⊥
i
Y ∇˜F
⊥
i
X U − ∇˜F
⊥
i
[X,Y ]U
= p⊥i
(
[X, [Y, U ]] + [Y, [U,X ]] + [U, [X, Y ]]
)− p⊥i [X, (Id− p⊥i ) [Y, U ]]
− p⊥i
[
Y,
(
Id− p⊥i
)
[U,X ]
]
= −p⊥i
[
X,
(
p⊥1 + p
⊥
2 − p⊥i
)
[Y, U ]
]− p⊥i [Y, (p⊥1 + p⊥2 − p⊥i ) [U,X ]] ,
where the last equality follows from the Jacobi identity and the integrability of F .
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Now if i = 1, then by (1.5), one has U ∈ Γ(F⊥1 ) and
p⊥1
[
X, p⊥2 [Y, U ]
]
= p⊥1
[
Y, p⊥2 [U,X ]
]
= 0.(1.41)
While if i = 2, still by (1.5), one has U ∈ Γ(F⊥2 ) and
p⊥1 [Y, U ] = p
⊥
1 [U,X ] = 0.(1.42)
From (1.40)-(1.42), one gets (1.39). The proof of Lemma 1.5 is completed. 
Remark 1.6. For i = 1, 2, let RF
⊥
i ,β,ε denote the curvature of ∇F⊥i ,β,ε. From (1.37)-
(1.39), one finds that for any X, Y ∈ Γ(F ), when β > 0, ε > 0 are small, the following
identity holds:
RF
⊥
i ,β,ε(X, Y ) = O
(
β2ε2
)
.(1.43)
On the other hand, for i = 1, 2, and Ui, Vi, Wi, Zi ∈ Γ(F⊥i ), by using (1.5), (1.7),
(1.8), (1.10) and (1.26), one verifies directly that when β > 0, ε > 0 are small, the
following identites, which will be used later, hold,
β−1ε
〈
RF
⊥
1 ,β,ε (X,U1)V1,W1
〉
= O
(
β−1ε
)
,(1.44)
β−1
〈
RF
⊥
2 ,β,ε (X,U2)V2,W2
〉
= O
(
β−1
)
,(1.45)
β−1
〈
RF
⊥
1 ,β,ε (X,U2)V1,W1
〉
= O
(
β−1
)
,(1.46)
ε2
〈
RF
⊥
1 ,β,ε (U1, V1)W1, Z1
〉
= O
(
ε2
)
,(1.47)
〈
RF
⊥
2 ,β,ε (U2, V2)W2, Z2
〉
= O (1) ,(1.48)
ε
〈
RF
⊥
1 ,β,ε (U1, U2)V1,W1
〉
= O (ε) ,(1.49)
〈
RF
⊥
1 ,β,ε (U2, V2) V1,W1
〉
= O (1) ,(1.50)
β−1ε
〈
RF
⊥
2 ,β,ε (X,U1)V2,W2
〉
= O
(
β−1ε
)
,(1.51)
ε
〈
RF
⊥
2 ,β,ε (U1, U2)V2,W2
〉
= O (ε) ,(1.52)
and
ε2
〈
RF
⊥
2 ,β,ε (U1, V1) V2,W2
〉
= O
(
ε2
)
.(1.53)
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1.4. Sub-Dirac operators associated to spin integrable subbundles. Following
[13, §2b], we assume now that TM , F , F⊥i , i = 1, 2, are all oriented and of even rank,
with the orientation of TM being compatible with the orientations on F , F⊥1 and F
⊥
2
through (1.4). We further assume that F is spin and carries a fixed spin structure.
Let S(F ) = S+(F )⊕ S−(F ) be the Hermitian bundle of spinors associated to (F, gF ).
For any X ∈ Γ(F ), the Clifford action c(X) exchanges S±(F ).
Let i = 1 or 2. Let Λ∗(F⊥i ) denote the exterior algebra bundle of F
⊥,∗
i . Then Λ
∗(F⊥i )
carries a canonically induced metric gΛ
∗(F⊥i ) from gF
⊥
i . For any U ∈ F⊥i , let U∗ ∈ F⊥,∗i
correspond to U via gF
⊥
i . For any U ∈ Γ(F⊥i ), set
c(U) = U∗ ∧ −iU , ĉ(U) = U∗ ∧+iU ,(1.54)
where U∗∧ and iU are the exterior and interior multiplications by U∗ and U on Λ∗(F⊥i ).
Denote q = rk(F ), qi = rk(F
⊥
i ).
Let h1, · · · , hqi be an oriented orthonormal basis of F⊥i . Set
τ
(
F⊥i , g
F⊥i
)
=
(
1√−1
) qi(qi+1)
2
c (h1) · · · c (hqi) .(1.55)
Then
τ
(
F⊥i , g
F⊥i
)2
= IdΛ∗(F⊥i )
.(1.56)
Set
Λ∗±
(
F⊥i
)
=
{
h ∈ Λ∗ (F⊥i ) : τ (F⊥i , gF⊥i )h = ±h} .(1.57)
Since qi is even, for any h ∈ F⊥i , c(h) anti-commutes with τ(F⊥i , gF⊥i ), while ĉ(h)
commutes with τ(F⊥i , g
F⊥i ). In particular, c(h) exchanges Λ∗±(F
⊥
i ).
Let τ˜ (F⊥i ) denote the Z2-grading of Λ
∗(F⊥i ) defined by
τ˜
(
F⊥i
)∣∣
Λ
even
odd (F⊥i )
= ±Id|
Λ
even
odd (F⊥i )
.(1.58)
Now we have the following Z2-graded vector bundles over M :
S(F ) = S+(F )⊕ S−(F ),(1.59)
Λ∗
(
F⊥i
)
= Λ∗+
(
F⊥i
)⊕ Λ∗− (F⊥i ) , i = 1, 2,(1.60)
and
Λ∗
(
F⊥i
)
= Λeven
(
F⊥i
)⊕ Λodd (F⊥i ) , i = 1, 2.(1.61)
We form the following Z2-graded tensor product:
W
(
F, F⊥1 , F
⊥
2
)
= S(F )⊗̂Λ∗ (F⊥1 ) ⊗̂Λ∗ (F⊥2 ) ,(1.62)
with the Z2-grading operator given by
τW = τS(F ) · τ
(
F⊥1 , g
F⊥1
)
· τ˜ (F⊥2 ) ,(1.63)
where τS(F ) is the Z2-grading operator defining the splitting in (1.59). We denote by
W
(
F, F⊥1 , F
⊥
2
)
= W+
(
F, F⊥1 , F
⊥
2
)⊕W− (F, F⊥1 , F⊥2 )(1.64)
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the Z2-graded decomposition with respect to τW .
Recall that the connections ∇F , ∇F⊥1 and ∇F⊥2 have been defined in (1.11). They
lift canonically to Hermitian connections ∇S(F ), ∇Λ∗(F⊥1 ), ∇Λ∗(F⊥2 ) on S(F ), Λ∗ (F⊥1 ),
Λ∗
(
F⊥2
)
respectively, preserving the corresponding Z2-gradings. Let ∇W (F,F⊥1 ,F⊥2 ) be
the canonically induced connection on W (F, F⊥1 , F
⊥
2 ) which preserves the canonically
induced Hermitian metric on W (F, F⊥1 , F
⊥
2 ), and also the Z2-grading of W (F, F
⊥
1 , F
⊥
2 ).
For any vector bundle E over M , by an integral polynomial of E we will mean a
bundle φ(E) which is a polynomial in the exterior and symmetric powers of E with
integral coefficients.
For i = 1, 2, let φi(F
⊥
i ) be an integral polynomial of F
⊥
i . We denote the complexifica-
tion of φi(F
⊥
i ) by the same notation. Then φi(F
⊥
i ) carries a naturally induced Hermitian
metric from gF
⊥
i and also a naturally induced Hermitian connection ∇φi(F⊥i ) from ∇F⊥i .
Let W (F, F⊥1 , F
⊥
2 )⊗ φ1(F⊥1 )⊗ φ2(F⊥2 ) be the Z2-graded vector bundle over M ,
(1.65) W
(
F, F⊥1 , F
⊥
2
)⊗ φ1 (F⊥1 )⊗ φ2 (F⊥2 ) = W+ (F, F⊥1 , F⊥2 )⊗ φ1 (F⊥1 )⊗ φ2 (F⊥2 )
⊕W−
(
F, F⊥1 , F
⊥
2
)⊗ φ1 (F⊥1 )⊗ φ2 (F⊥2 ) .
Let ∇W⊗φ1⊗φ2 denote the naturally induced Hermitian connection on W (F, F⊥1 , F⊥2 ) ⊗
φ1(F
⊥
1 )⊗ φ2(F⊥2 ) with respect to the naturally induced Hermitian metric on it. Clearly,
∇W⊗φ1⊗φ2 preserves the Z2-graded decomposition in (1.65).
Let S be the End(TM)-valued one form on M defined by
∇TM = ∇F +∇F⊥1 +∇F⊥2 + S.(1.66)
Let e1, · · · , edimM be an orthonormal basis of TM . Let ∇F,φ1(F⊥1 )⊗φ2(F⊥2 ) be the Hermit-
ian connection onW (F, F⊥1 , F
⊥
2 )⊗φ1(F⊥1 )⊗φ2(F⊥2 ) defined by that for any X ∈ Γ(TM),
∇F,φ1(F⊥1 )⊗φ2(F⊥2 )X = ∇W⊗φ1⊗φ2X +
1
4
dimM∑
i, j=1
〈S(X)ei, ej〉 c (ei) c (ej) .(1.67)
Let the linear operator DF,φ1(F
⊥
1 )⊗φ2(F⊥2 ) : Γ(W (F, F⊥1 , F
⊥
2 ) ⊗ φ1(F⊥1 ) ⊗ φ2(F⊥2 )) →
Γ(W (F, F⊥1 , F
⊥
2 )⊗ φ1(F⊥1 )⊗ φ2(F⊥2 )) be defined by (compare with [13, Definition 2.2])
DF,φ1(F
⊥
1 )⊗φ2(F⊥2 ) =
dimM∑
i=1
c (ei)∇F,φ1(F⊥1 )⊗φ2(F⊥2 )ei .(1.68)
We call DF,φ1(F
⊥
1 )⊗φ2(F⊥2 ) a sub-Dirac operator with respect to the spin vector bundle F .
One verifies that DF,φ1(F
⊥
1 )⊗φ2(F⊥2 ) is a first order formally self-adjoint elliptic differen-
tial operator. Moreover, it exchanges Γ(W±(F, F⊥1 , F
⊥
2 )⊗φ1(F⊥1 )⊗φ2(F⊥2 )). We denote
by D
F,φ1(F⊥1 )⊗φ2(F⊥2 )± the restrictions of D
F,φ1(F⊥1 )⊗φ2(F⊥2 ) to Γ(W±(F, F⊥1 , F
⊥
2 )⊗ φ1(F⊥1 )⊗
φ2(F
⊥
2 )). Then one has (
D
F,φ1(F⊥1 )⊗φ2(F⊥2 )
+
)∗
= D
F,φ1(F⊥1 )⊗φ2(F⊥2 )− .(1.69)
Remark 1.7. As in [13, (2.21)], when F⊥1 , F
⊥
2 are also spin and carry fixed spin struc-
tures, then TM = F ⊕ F⊥1 ⊕ F⊥2 is spin and carries an induced spin structure from the
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spin structures on F , F⊥1 and F
⊥
2 . Moreover, one has the following identifications of
Z2-graded vector bundles (cf. [9]) for i = 1, 2,
Λ∗+
(
F⊥i
)⊕ Λ∗− (F⊥i ) = S+ (F⊥i )⊗ S (F⊥i )∗ ⊕ S− (F⊥i )⊗ S (F⊥i )∗ ,(1.70)
(1.71) Λeven
(
F⊥i
)⊕ Λodd (F⊥i ) = (S+ (F⊥i )⊗ S+ (F⊥i )∗ ⊕ S− (F⊥i )⊗ S− (F⊥i )∗)
⊕
(
S+
(
F⊥i
)⊗ S− (F⊥i )∗ ⊕ S− (F⊥i )⊗ S+ (F⊥i )∗) .
By (1.55)-(1.68), (1.70) and (1.71), DF,φ1(F
⊥
1 )⊗φ2(F⊥2 ) is simply the twisted Dirac operator
(1.72) DF,φ1(F
⊥
1 )⊗φ2(F⊥2 ) : Γ
(
S(TM)⊗̂S (F⊥2 )∗ ⊗ S (F⊥1 )∗ ⊗ φ1 (F⊥1 )⊗ φ2 (F⊥2 ))
−→ Γ
(
S(TM)⊗̂S (F⊥2 )∗ ⊗ S (F⊥1 )∗ ⊗ φ1 (F⊥1 )⊗ φ2 (F⊥2 )) ,
where for i = 1, 2, the Hermitian (dual) bundle of spinors S(F⊥i )
∗ associated to (F⊥i , g
F⊥i )
carries the Hermitian connection induced from ∇F⊥i .
The point of (1.68) is that it only requires F being spin. While on the other hand,
(1.72) allows us to take the advantage of applying the calculations already done for usual
(twisted) Dirac operators when doing local computations.
Remark 1.8. It is clear that the definition in (1.68) does not require that F being an
integrable subbundle of TM .
Let ∆F,φ1(F
⊥
1 )⊗φ2(F⊥2 ) denote the Bochner Laplacian defined by
∆F,φ1(F
⊥
1 )⊗φ2(F⊥2 ) =
dimM∑
i=1
(
∇F,φ1(F⊥1 )⊗φ2(F⊥2 )ei
)2
−∇F,φ1(F⊥1 )⊗φ2(F⊥2 )∑dimM
i=1 ∇TMei ei
.(1.73)
Let kTM be the scalar curvature of gTM , RF
⊥
i (i = 1, 2) be the curvature of ∇F⊥i . Let
Rφ1(F
⊥
1 )⊗φ2(F⊥2 ) be the curvature of the tensor product connection on φ1(F⊥1 ) ⊗ φ2(F⊥2 )
induced from ∇φ1(F⊥1 ) and ∇φ2(F⊥2 ).
In view of Remark 1.7, the following Lichnerowicz type formula holds:
(1.74)(
DF,φ1(F
⊥
1 )⊗φ2(F⊥2 )
)2
= −∆F,φ1(F⊥1 )⊗φ2(F⊥2 )+k
TM
4
+
1
2
dimM∑
i, j=1
c (ei) c (ej)R
φ1(F⊥1 )⊗φ2(F⊥2 ) (ei, ej)
+
1
8
dimM∑
i, j=1
∑
s,t
〈
RF
⊥
1 (ei, ej) ht, hs
〉
c (ei) c (ej) ĉ (hs) ĉ (ht)
+
1
8
dimM∑
i, j=1
∑
s,t
〈
RF
⊥
2 (ei, ej) h
′
t, h
′
s
〉
c (ei) c (ej) ĉ (h
′
s) ĉ (h
′
t) ,
where hs, ht (resp. h
′
s, h
′
t) run through an orthonormal basis of F
⊥
1 (resp. F
⊥
2 ).
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When M is compact, by the Atiyah-Singer index theorem [2] (cf. [9]), one has
(1.75) ind
(
D
F,φ1(F⊥1 )⊗φ2(F⊥2 )
+
)
= 2
q1
2
〈
Â(F )L̂
(
F⊥1
)
e
(
F⊥2
)
ch
(
φ1
(
F⊥1
))
ch
(
φ2
(
F⊥2
))
, [M ]
〉
,
where L̂(F⊥1 ) is the Hirzebruch L̂-class (cf. [9, (11.18’) of Chap. III]) of F
⊥
1 , e(F
⊥
2 ) is
the Euler class (cf. [16, §3.4]) of F⊥2 , and “ch” is the notation for the Chern character
(cf. [16, §1.6.4]).
1.5. A vanishing theorem for almost isometric foliations. In this subsection, we
assume M is compact and prove a vanishing theorem. Some of the computations in this
subsection will be used in the next section where we will deal with the case where M is
non-compact.
Let f1, · · · , fq be an oriented orthonormal basis of F . Let h1, · · · , hq1 (resp. e1, · · · , eq2)
be an oriented orthonormal basis of F⊥1 (resp. F
⊥
2 ).
Let β > 0, ε > 0 and consider the construction in Section 1.4 with respect to the metric
gTMβ,ε defined in (1.9). We still use the superscripts “β, ε” to decorate the geometric data
associated to gTMβ,ε . For example, D
F,φ1(F⊥1 )⊗φ2(F⊥2 ),β,ε now denotes the sub-Dirac operator
constructed in (1.68) associated to gTMβ,ε . Moreover, it can be written as
(1.76) DF,φ1(F
⊥
1 )⊗φ2(F⊥2 ),β,ε = β−1
q∑
i=1
cβ,ε
(
β−1fi
)∇F,φ1(F⊥1 )⊗φ2(F⊥2 ),β,εfi
+ ε
q1∑
j=1
cβ,ε (εhj)∇F,φ1(F
⊥
1 )⊗φ2(F⊥2 ),β,ε
hj
+
q2∑
s=1
cβ,ε (es)∇F,φ1(F⊥1 )⊗φ2(F⊥2 ),β,εes .
By (1.76), the Lichnerowicz type formula (1.74) for (DF,φ1(F
⊥
1 )⊗φ2(F⊥2 ),β,ε)2 takes the
following form (compare with [13, Theorem 2.3]),
(1.77)
(
DF,φ1(F
⊥
1 )⊗φ2(F⊥2 ),β,ε
)2
= −∆F,φ1(F⊥1 )⊗φ2(F⊥2 ),β,ε + k
TM,β,ε
4
+
1
2β2
q∑
i, j=1
cβ,ε
(
β−1fi
)
cβ,ε
(
β−1fj
)
Rφ1(F
⊥
1 )⊗φ2(F⊥2 ),β,ε (fi, fj)
+
ε2
2
q1∑
i, j=1
cβ,ε (εhi) cβ,ε (εhj)R
φ1(F⊥1 )⊗φ2(F⊥2 ),β,ε (hi, hj)
+
1
2
q2∑
i, j=1
cβ,ε (ei) cβ,ε (ej)R
φ1(F⊥1 )⊗φ2(F⊥2 ),β,ε (ei, ej)
+
ε
β
q∑
i=1
q1∑
j=1
cβ,ε
(
β−1fi
)
cβ,ε (εhj)R
φ1(F⊥1 )⊗φ2(F⊥2 ),β,ε (fi, hj)
+
1
β
q∑
i=1
q2∑
j=1
cβ,ε
(
β−1fi
)
cβ,ε (ej)R
φ1(F⊥1 )⊗φ2(F⊥2 ),β,ε (fi, ej)
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+ε
q1∑
i=1
q2∑
j=1
cβ,ε (εhi) cβ,ε (ej)R
φ1(F⊥1 )⊗φ2(F⊥2 ),β,ε (hi, ej)
+
1
8β2
q∑
i, j=1
q1∑
s, t=1
〈
RF
⊥
1 ,β,ε (fi, fj) ht, hs
〉
cβ,ε
(
β−1fi
)
cβ,ε
(
β−1fj
)
ĉβ,ε (εhs) ĉβ,ε (εht)
+
ε2
8
q1∑
i, j=1
q1∑
s, t=1
〈
RF
⊥
1 ,β,ε (hi, hj) ht, hs
〉
cβ,ε (εhi) cβ,ε (εhj) ĉβ,ε (εhs) ĉβ,ε (εht)
+
1
8
q2∑
i, j=1
q1∑
s, t=1
〈
RF
⊥
1 ,β,ε (ei, ej)ht, hs
〉
cβ,ε (ei) cβ,ε (ej) ĉβ,ε (εhs) ĉβ,ε (εht)
+
ε
4β
q∑
i=1
q1∑
j=1
q1∑
s, t=1
〈
RF
⊥
1 ,β,ε (fi, hj) ht, hs
〉
cβ,ε
(
β−1fi
)
cβ,ε (εhj) ĉβ,ε (εhs) ĉβ,ε (εht)
+
1
4β
q∑
i=1
q2∑
j=1
q1∑
s, t=1
〈
RF
⊥
1 ,β,ε (fi, ej) ht, hs
〉
cβ,ε
(
β−1fi
)
cβ,ε (ej) ĉβ,ε (εhs) ĉβ,ε (εht)
+
ε
4
q1∑
i=1
q2∑
j=1
q1∑
s, t=1
〈
RF
⊥
1 ,β,ε (hi, ej) ht, hs
〉
cβ,ε (εhi) cβ,ε (ej) ĉβ,ε (εhs) ĉβ,ε (εht)
+
1
8β2
q∑
i, j=1
q2∑
s, t=1
〈
RF
⊥
2 ,β,ε (fi, fj) et, es
〉
cβ,ε
(
β−1fi
)
cβ,ε
(
β−1fj
)
ĉβ,ε (es) ĉβ,ε (et)
+
ε2
8
q1∑
i, j=1
q2∑
s, t=1
〈
RF
⊥
2 ,β,ε (hi, hj) et, es
〉
cβ,ε (εhi) cβ,ε (εhj) ĉβ,ε (es) ĉβ,ε (et)
+
1
8
q2∑
i, j=1
q2∑
s, t=1
〈
RF
⊥
2 ,β,ε (ei, ej) et, es
〉
cβ,ε (ei) cβ,ε (ej) ĉβ,ε (es) ĉβ,ε (et)
+
ε
4β
q∑
i=1
q1∑
j=1
q2∑
s, t=1
〈
RF
⊥
2 ,β,ε (fi, hj) et, es
〉
cβ,ε
(
β−1fi
)
cβ,ε (εhj) ĉβ,ε (es) ĉβ,ε (et)
+
1
4β
q∑
i=1
q2∑
j=1
q2∑
s, t=1
〈
RF
⊥
2 ,β,ε (fi, ej) et, es
〉
cβ,ε
(
β−1fi
)
cβ,ε (ej) ĉβ,ε (es) ĉβ,ε (et)
+
ε
4
q1∑
i=1
q2∑
j=1
q2∑
s, t=1
〈
RF
⊥
2 ,β,ε (hi, ej) et, es
〉
cβ,ε (εhi) cβ,ε (ej) ĉβ,ε (es) ĉβ,ε (et) .
By (1.28), (1.43)-(1.53) and (1.77), we get that when β > 0, ε > 0 are small,(
DF,φ1(F
⊥
1 )⊗φ2(F⊥2 ),β,ε
)2
= −∆F,φ1(F⊥1 )⊗φ2(F⊥2 ),β,ε + k
F
4β2
+O
(
1
β
+
ε2
β2
)
.(1.78)
Proposition 1.9. If kF > 0 over M , then for any Pontrjagin classes p(F⊥1 ), p
′(F⊥2 ) of
F⊥1 , F
⊥
2 respectively, the following identity holds,〈
Â(F )p
(
F⊥1
)
e
(
F⊥2
)
p′
(
F⊥2
)
, [M ]
〉
= 0.(1.79)
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Proof. Since kF > 0 over M , one can take β > 0, ε > 0 small enough so that the
corresponding terms in the right hand side of (1.78) verifies that
kF
4β2
+O
(
1
β
+
ε2
β2
)
> 0(1.80)
over M . Since −∆F,φ1(F⊥1 )⊗φ2(F⊥2 ),β,ε is nonnegative, by (1.69), (1.78) and (1.80), one gets
ind
(
D
F,φ1(F⊥1 )⊗φ2(F⊥2 ),β,ε
+
)
= 0.(1.81)
From (1.75) and (1.81), we get〈
Â(F )L̂
(
F⊥1
)
ch
(
φ1
(
F⊥1
))
e
(
F⊥2
)
ch
(
φ2
(
F⊥2
))
, [M ]
〉
= 0.(1.82)
Now as it is standard that any Pontrjagin class of F⊥1 (resp. F
⊥
2 ) can be expressed as a
rational linear combination of classes of the form L̂(F⊥1 )ch(φ1(F
⊥
1 )) (resp. ch(φ2(F
⊥
2 ))),
one gets (1.79) from (1.82). 
Remark 1.10. Recall that F⊥ = F⊥1 ⊕F⊥2 . It is proved in [13, Theorem 2.6] that if the
conditions in Proposition 1.9 hold, then 〈Â(F )p(F⊥), [M ]〉 = 0. Here if one changes the
Z2-grading in the definition of the sub-Dirac operator by replacing τ˜(F
⊥
2 ) in (1.63) by
τ(F⊥2 , g
F⊥2 ), then one can prove that under the same condition as in Proposition 1.9,〈
Â(F )p
(
F⊥1
)
p′
(
F⊥2
)
, [M ]
〉
= 0(1.83)
for any Pontrjagin classes p(F⊥1 ), p
′(F⊥2 ) of F
⊥
1 , F
⊥
2 .
Remark 1.11. Formulas (1.79) and (1.83) hold indeed without Condition (C) in Defi-
nition 1.2. This can be checked if we set ε =
√
β.
2. Connes fibration and the Dirac operator on foliations
In this Section we prove Theorem 0.1. We will make use of the Connes fibration which
has indeed played an essential role in Connes’ original proof of Theorem 0.4 given in [5].
This Section is organized as follows. In Section 2.1, we recall the construction of
the Connes fibration over a foliation. In Section 2.2, we introduce a coordinate system
near the embedded submanifold from the original foliation into the Connes foliation. In
Section 2.3, we give an adiabatic limit estimate of the sub-Dirac operator on the Connes
fibration. In Section 2.4, we embed the smooth sections over the embedded submanifold
to the space of smooth sections, having compact support near the embedded submanifold,
on the Connes fibration. In Section 2.5, we state a key estimate result which will be
proved in Sections 2.6-2.8. In Sections 2.9, we complete the proof of Theorem 0.1.
2.1. The Connes fibration. We start by recalling the original construction in [5].
Let (M,F ) be a compact foliation, where F is an integrable subbundle of the tangent
vector bundle TM of a closed manifold M . For simplicity, we make the assumption that
TM, F are oriented, then TM/F is also oriented. We further assume that TM is spin
and carries a fixed spin structure.
For any oriented vector space E of rank n, let E be the set of all Euclidean metrics on
E. It is well known that E is the homogeneous space GL(n,R)+/SO(n) (with dim E =
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n(n+1)
2
), which carries a natural Riemannian metric of nonpositive sectional curvature
(cf. [7]). In particular, any two points of E can be joined by a unique geodesic.
Following [5, Section 5], let π : M → M be the fibration over M such that for any
x ∈ M , Mx = π−1(x) is the space of Euclidean metrics on the linear space TxM/Fx.
Clearly, M is noncompact.
Let T VM denote the vertical tangent bundle of the fibration π : M → M . Then it
carries a natural metric gT
VM such that any two points p, q ∈Mx, with x ∈M , can be
joined by a unique geodesic in Mx.
By using the Bott connection [4] on TM/F , one can lift F to an integrable subbundle
F of TM.7
For any v ∈ M, TvM/(Fv ⊕ T Vv M) identifies with Tpi(v)M/Fpi(v) under the projec-
tion π : M → M . By definition, v determines a metric on Tpi(v)M/Fpi(v), thus it also
determines a metric on TvM/(Fv ⊕ T Vv M). In this way, TM/(F ⊕ T VM) carries a
canonically induced metric.
Let F⊥1 be a subbundle of TM, which is transversal to F ⊕ T VM, such that we have
a splitting TM = (F ⊕T VM)⊕F⊥1 . Then F⊥1 can be identified with TM/(F ⊕T VM)
and carries a canonically induced metric gF
⊥
1 . We also denote T VM by F⊥2 .
Let gF be a Euclidean metric on F , then it lifts to a Euclidean metric gF on F . Let
gTM be the Riemannian metric on TM defined by the following orthogonal splitting,
TM = F ⊕F⊥1 ⊕ F⊥2 , gTM = gF ⊕ gF
⊥
1 ⊕ gF⊥2 .(2.1)
By [5, Lemma 5.2], (M,F) admits an almost isometric structure in the sense of
Definition 1.1, with the metrics given in (1.4) and/or (2.1).8 In particular, (1.5) holds.9
One of the specific features of the Connes fibration is that since F⊥2 = T VM is the
vertical tangent bundle of a fibration, the following identity holds:
[U, V ] ∈ Γ (F⊥2 ) for U, V ∈ Γ (F⊥2 ) .(2.2)
That is, Condition (C) in Definition 1.2 holds for (M,F). Combining with (1.1) and the
second identity in (1.5), one sees that F ⊕F⊥2 is also an integrable subbundle of TM.
For any β > 0, ε > 0, let gTMβ,ε be the Riemannian metric on TM defined as in (1.9).
By (1.8), (1.9) and (2.2), the following identity holds for the Connes fibration,
∇F⊥2 ,β,ε = ∇F⊥2 .(2.3)
Equivalently, for any X ∈ TM and U, V ∈ Γ(F⊥2 ), one has 〈∇F
⊥
2 ,β,ε
X U, V 〉 = 〈∇F
⊥
2
X U, V 〉.
7Indeed, the Bott connection on TM/F determines an integrable lift F˜ of F in TM˜, where M˜ =
GL(TM/F )+ is the GL(q1,R)
+ (with q1 = rk(TM/F )) principal bundle of oriented frames over M .
Now as M˜ is a principal SO(q1) bundle over M, F˜ determines an integrable subbundle F of TM.
8We will use notations similar to those in Section 1, with the only difference that when dealing with
the Connes fibration, we use caligraphic letters.
9In fact, for any X ∈ Γ(F ), let X ∈ Γ(F) denote the lift of X . Let ϕt (with t close to zero) be the
one parameter family of diffeomorphisms on M generated by X . Then each ϕt acts on the complete
transversal to F in M. The differential of ϕt, when acting on the complete transversal, maps each
(F⊥1 + F⊥2 )x (x ∈ M) to (F⊥1 + F⊥2 )ϕt(x) and verifies [5, Lemma 5.2]. By taking derivative at t = 0,
one gets (1.5).
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Take a metric on TM/F . This is equivalent to taking an embedded section s : M →֒
M of the Connes fibration π :M→M .
2.2. A coordinate system near s(M). Let s(M) ⊂M be the image of the embedded
section s : M →֒ M. Consider the induced fibration s◦π :M→ s(M). In what follows,
for any x ∈ s(M), we will denote the fiber Mpi(x) simply by Mx.
For any x ∈ s(M), Z ∈ TxMx = F⊥2 |x with |Z| sufficiently small, let expMx(tZ) be
the geodesic in Mx such that expMx(0) = x, d exp
Mx (tZ)
dt
|t=0 = Z.
For any α > 0, let ψ : Uα(F⊥2 ) = {(x, Z) : x ∈ s(M), Z ∈ F⊥2 |x, |Z| < α} → M be
defined such that for any x ∈ s(M), Z ∈ TxMx with |Z| < α,
ψ(x, Z) 7→ expMx(Z).(2.4)
Clearly, ψ is a diffeomorphism from Uα(F⊥2 ) to its image, when α is sufficiently small,
which we fix it now. In case of no confusion, we will also use the notation (x, Z) to denote
its image ψ(x, Z). In particular, (x, 0) = x. We also denote the geodesic expMx(tZ) by
tZ.
On ψ(Uα(F⊥2 )) ≃ Uα(F⊥2 ), the volume form dvM can be written as
dvM(x, Z) = k(x, Z)dvF⊥2,x(Z)dvs(M)(x),(2.5)
where dvF⊥2,x is the volume form on F⊥2,x = F⊥2 |x which in turn determines the corre-
sponding volume form on Mx ∩ ψ(Uα(F⊥2 )), dvs(M) is the volume form on s(M) with
respect to the restricted metric, and k(x, Z) > 0 is the function determined by (2.4) and
(2.5).10
In what follows, we will also denote dvF⊥2,x by dvMx .
2.3. Adiabatic limit near s(M). Recall that for β > 0 and ε > 0, gTMβ,ε is the Rie-
mannian metric on TM defined by
gTMβ,ε = β
2gF ⊕ 1
ε2
gF
⊥
1 ⊕ gF⊥2 .(2.6)
Since we assume TM is spin, F ⊕F⊥1 = π∗(TM) is spin, and we take DF ,β,ε to be the
sub-Dirac operator constructed in (1.68) with respect to gTMβ,ε , but with S(F)⊗̂Λ∗(F⊥1 )
being replaced by S(F ⊕ F⊥1 ).11
By (2.6) one has
dv(TM,gTM
β,ε
) =
βq
εq1
dv(TM,gTM).(2.7)
For simplicity, from now on, by L2-norms we will mean the L2-norms with respect to
the volume form dv(TM,gTM), i.e., for any s ∈ Γ(W (F ,F⊥1 ,F⊥2 )) with compact support,
one has
‖s‖20 :=
∫
M
〈s, s〉β,εdv(TM,gTM),(2.8)
10As F⊥2 |s(M) need not be orthogonal to Ts(M), k(x, 0) need not be constant on s(M) (compare
with [3, (8.22)]).
11In this section, for simplicity, we will not consider the twisted bundles φ1(F⊥1 ) and φ2(F⊥2 ).
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where the subscripts “β, ε” indicate that the pointwise inner product is induced from
gTMβ,ε .
From (2.7) and (2.8), one sees that the operators which are formally self-adjoint with
respect to the usual L2-norm, which is associated with the volume form dv(TM,gTM
β,ε
), is
still formally self-adjoint with respect to the L2-norm defined in (2.8).
By (1.78), one knows that when β, ε > 0 are sufficiently small, the following identity
holds on Uα(F⊥2 ): (
DF ,β,ε
)2
= −∆F ,β,ε + k
F
4β2
+O
(
1
β
+
ε2
β2
)
.(2.9)
Let h1, · · · , hdimM be an oriented orthonormal basis of (TM, gTMβ,ε ). Then for any
s ∈ Γ(W (F ,F⊥1 ,F⊥2 )) having compact support, the following identity holds,12〈−∆F ,β,εs, s〉 = dimM∑
i=1
∥∥∥∇F ,β,εhi s∥∥∥20 .(2.10)
On the other hand, for any σ ∈ Γ((S(F ⊕ F⊥1 ))|s(M)), similarly as in (2.8), we define
its L2-norm by
‖σ‖20 :=
∫
s(M)
〈σ, σ〉β,εdvs(M),(2.11)
where, as in (2.5), dvs(M) is the volume form on s(M) associated to the restricted metric
from gTM|s(M).
In what follows, we will also denote dv(TM,gTM) by dvM as in (2.5).
2.4. An embedding from sections on s(M) to sections onM. Recall that Λ∗(F⊥2 ) =
⊕rk(F⊥2 )i=0 Λi(F⊥2 ), with Λ0(F⊥2 ) = C (or R in the case where we consider real operators).
Let
Q : Λ∗(F⊥2 )→ Λ0(F⊥2 ) = C(2.12)
denote the corresponding orthogonal projection. Let
iQ : Λ
0(F⊥2 ) →֒ Λ∗(F⊥2 )(2.13)
denote the canonical inclusion. In view of (1.62) and (1.65), the projection Q and
the embedding iQ induce the following canonical orthogonal projection and embedding,
which we will denote by the same notations,
Q : W
(F ,F⊥1 ,F⊥2 )→ S (F ⊕ F⊥1 ) ,(2.14)
iQ : S
(F ⊕ F⊥1 ) →֒W (F ,F⊥1 ,F⊥2 ) .(2.15)
Let Q∇F ,β,ε be the induced connection on S(F ⊕F⊥1 ) defined by
Q∇F ,β,ε = Q∇F ,β,εiQ.(2.16)
Clearly, Q∇F ,β,ε is a Euclidean connection.
12From now on, ∇F ,β,ε will denote the canonical connection on W (F ,F⊥1 ,F⊥2 ). This should not be
confused with the connection on F as in (1.11), which will not appear in the rest of this section.
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Let σ ∈ Γ((S(F ⊕ F⊥1 ))|s(M)). For any (x, Z) ∈ Uα(F⊥2 ), let τσ(x, Z) ∈ (S(F ⊕
F⊥1 ))|ψ(x,Z) be the parallel transport of σ(x) along the geodesic (x, tZ), 0 ≤ t ≤ 1, with
respect to the connection Q∇F ,β,ε.
Let γ be a smooth function on R such that γ(b) = 1 if b ≤ α
3
, while γ(b) = 0 if b ≥ 2α
3
.
For T > 0, x ∈ s(M), set
αT (x) =
∫
Mx
exp
(−T |Z|2) γ2 (|Z|) dvMx(Z).(2.17)
Clearly, αT (x) is constant on s(M), which we will denote by αT .
Inspired by [3, Definition 9.4], for T > 0, let
JT,β,ε : Γ
(
(S(F ⊕ F⊥1 ))|s(M)
) −→ Γ (W (F ,F⊥1 ,F⊥2 ))
be the embedding defined by
JT,β,ε : σ 7→ (JT,β,εσ)|ψ(x,Z) = (k(x, Z)αT )−
1
2 γ (|Z|) exp
(
−T |Z|
2
2
)
iQ(τσ(x, Z)).
(2.18)
By the definition of γ, one sees that JT,β,ε is well-defined. Moreover, in view of (2.5),
(2.8), (2.11), (2.17) and (2.18), one sees that JT,β,ε is an isometric embedding.
Clearly, any JT,β,εσ has compact support in M2α/3. Let E ′T,β,ε denote the image of
Γ((S(F ⊕ F⊥1 ))|s(M)) under JT,β,ε. Let pT,β,ε denote the orthogonal projection from the
L2-completion of Γ(W (F ,F⊥1 ,F⊥2 )) to the L2-completion of E ′T,β,ε, which we denote by
ET,β,ε.
2.5. An estimate for ‖pT,β,εDF ,β,εpT,β,ε‖20. Let f1, · · · , fq+q1 be an orthonormal basis
of (F⊕F⊥1 )|s(M) with respect to (gF⊕gF⊥1 )|s(M), where f1, · · · , fq is an orthonormal basis
of F|s(M) and thus fq+1, · · · , fq+q1 is an orthonormal basis of F⊥1 |s(M). Let e1, · · · , eq2
be an orthonormal basis of F⊥2 |s(M) with respect to gF⊥2 |s(M).
For any f ∈ (F⊕F⊥1 )|s(M) (resp. e ∈ F⊥2 |s(M)), let τf ∈ Γ(F⊕F⊥1 ) (resp. τe ∈ Γ(F⊥2 ))
be such that for any (x, Z) ∈ Uα(F⊥2 ), τf |ψ(x,Z) (resp. τe|ψ(x,Z)) is the parallel transport
of fx (resp. ex) along the geodesic (x, tZ), 0 ≤ t ≤ 1, with respect to the Euclidean
connection (p+ p⊥1 )∇TM,β,ε(p+ p⊥1 ) (resp. ∇F⊥2 ,β,ε = ∇F⊥2 ).
Clearly, β−1τfi (1 ≤ i ≤ q), ετfj (q + 1 ≤ j ≤ q + q1) and τek (1 ≤ k ≤ q2) form an
orthonormal basis of (TM, gTMβ,ε ).
Let τZ ∈ Γ(ψ(Uα(F⊥2 ))) be the tautological section defined by
(τZ)|ψ(x,Z) =
q2∑
k=1
zk τek,(2.19)
with Z =
∑q2
k=1 zk ek ∈ F⊥2 |x. In case of no confusion, we also denote τZ by Z.
Let cβ,ε(·) be the Clifford action associated to gTMβ,ε . For any X, Y ∈ TM, one has
cβ,ε(X)cβ,ε(Y ) + cβ,ε(Y )cβ,ε(X) = −2〈X, Y 〉gTM
β,ε
.(2.20)
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By (1.68), one has
(2.21) DF ,β,ε = β−1
q∑
i=1
cβ,ε
(
β−1τfi
)∇F ,β,ετfi + ε q+q1∑
k=q+1
cβ,ε (ετfk)∇F ,β,ετfk
+
q2∑
s=1
cβ,ε (τes)∇F ,β,ετes .
We state a key asymptotic estimate result for ‖pT,β,εDF ,β,εpT,β,ε‖20, when T → +∞
and β, ε > 0 being small, as follows.
Proposition 2.1. There exist C ′ > 0, 0 < δ, β0, ε0 < 1 and T0 > 0 such that for any
0 < β ≤ β0, 0 < ε ≤ ε0, there exists Cβ,ε > 0 for which the following inequality holds
for any T ≥ T0 and σ ∈ Γ((S(F ⊕ F⊥1 ))|s(M)):
(2.22)∥∥pT,β,εDF ,β,εJT,β,εσ∥∥20 ≥ ∫
s(M)
(
kF
4β2
− 1
4β2
q∑
i=1
q+q1∑
t=q+1
∣∣∣p⊥1∇TM,β,εft (∇F⊥2fi Z)∣∣∣2
)
|σ|2dvs(M)
− C ′
(
1
β
+
εδ
β4
)∫
s(M)
|σ|2dvs(M) + ε
δ
8β2
q∑
k=1
∫
s(M)
∣∣∣ Q∇F ,β,εfk (τσ)∣∣∣2 dvs(M)
+
ε2+δ
16
q+q1∑
k=q+1
∫
s(M)
∣∣∣ Q∇F ,β,εfk (τσ)∣∣∣2 dvs(M)−Cβ,ε√T
∫
s(M)
(
|σ|2 +
q+q1∑
k=1
∣∣∣ Q∇F ,β,εfk (τσ)∣∣∣2
)
dvs(M).
Remark 2.2. In the right hand side of (2.22), since Z|s(M) ≡ 0 and (τfj)|s(M) = fj for
any 1 ≤ j ≤ q + q1, one verifies by (2.19) that for any 1 ≤ i ≤ q, q + 1 ≤ t ≤ q + q1, the
following identity holds on s(M),
p⊥1∇TM,β,εft
(
∇F⊥2fi Z
)
:=
(
p⊥1∇TM,β,ετft
(
∇F⊥2τfiZ
))∣∣∣
s(M)
=
q2∑
k=1
fi(zk) p
⊥
1∇TM,β,εft τek,(2.23)
where fi(zk) is the restriction on s(M) of τfi(zk) ∈ C∞(ψ(Uα(F⊥2 ))). Also, for any
1 ≤ j ≤ q + q1, one denotes on s(M) that
Q∇F ,β,εfj (τσ) =
(
Q∇F ,β,ετfj (τσ)
)∣∣∣
s(M)
.(2.24)
The basic idea of the proof of Proposition 2.1 is very natural. Indeed, since pT,β,ε :
L2(W (F ,F⊥1 ,F⊥2 ))→ ET,β,ε is an orthogonal projection, for any σ ∈ Γ((S(F⊕F⊥1 ))|s(M)),
one has ∥∥pT,β,εDF ,β,εJT,β,εσ∥∥20 = ∥∥DF ,β,εJT,β,εσ∥∥20 − ∥∥(1− pT,β,ε)DF ,β,εJT,β,εσ∥∥20 .(2.25)
In view of (2.7) and (2.8), the operator DF ,β,ε is formally self-adjoint with respect
to the L2-norm in (2.8). Thus, the first term in the right hand side of (2.25) can be
estimated by using (2.9) and (2.10). So we need to estimate the second term in the right
hand side of (2.25), to make it as small as possible.
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Set
I1 =
∑
i 6=j, 1≤i, j≤q
〈
(1− pT,β,ε) cβ,ε
(
β−1τfi
)∇F ,β,εβ−1τfiJT,β,εσ, cβ,ε (β−1τfj)∇F ,β,εβ−1τfjJT,β,εσ〉 ,
(2.26)
I2 =
∑
i 6=j, q+1≤i, j≤q+q1
〈
(1− pT,β,ε) cβ,ε(ετfi)∇F ,β,εετfi JT,β,εσ, cβ,ε(ετfj)∇F ,β,εετfj JT,β,εσ
〉
,
(2.27)
I3 =
∑
i 6=j, 1≤i, j≤q2
〈
(1− pT,β,ε) cβ,ε(τei)∇F ,β,ετei JT,β,εσ, cβ,ε(τej)∇F ,β,ετej JT,β,εσ
〉
,(2.28)
I4 = 2
q∑
i=1
q+q1∑
j=q+1
Re
(〈
(1− pT,β,ε) cβ,ε
(
β−1τfi
)∇F ,β,εβ−1τfiJT,β,εσ, cβ,ε(ετfj)∇F ,β,εετfj JT,β,εσ〉) ,
(2.29)
I5 = 2
q∑
i=1
q2∑
j=1
Re
(〈
(1− pT,β,ε) cβ,ε
(
β−1τfi
)∇F ,β,εβ−1τfiJT,β,εσ, cβ,ε(τej)∇F ,β,ετej JT,β,εσ〉) ,
(2.30)
I6 = 2
q+q1∑
i=q+1
q2∑
j=1
Re
(〈
(1− pT,β,ε) cβ,ε(ετfi)∇F ,β,εετfi JT,β,εσ, cβ,ε(τej)∇F ,β,ετej JT,β,εσ
〉)
.
(2.31)
By (2.21) and (2.26)-(2.31), one has
(2.32)∥∥(1− pT,β,ε)DF ,β,εJT,β,εσ∥∥20 = 6∑
k=1
Ik +
q∑
i=1
∥∥∥(1− pT,β,ε) cβ,ε (β−1τfi)∇F ,β,εβ−1τfiJT,β,εσ∥∥∥20
+
q+q1∑
i=q+1
∥∥∥(1− pT,β,ε) cβ,ε(ετfi)∇F ,β,εετfi JT,β,εσ∥∥∥20+
q2∑
i=1
∥∥(1− pT,β,ε) cβ,ε(τei)∇F ,β,ετei JT,β,εσ∥∥20 .
Naturally, we need to study the behaviour when T → +∞ of each term in the right
hand side of (2.32). Due to the Gaussian factor exp(−T |Z|2/2) in (2.18), one sees as in
[3, Chapters 8 and 9] that when T → +∞, all terms in (2.32) localize onto s(M). All
one need is to choose the rescaling factors β, ε conveniently such that the estimate goes
as desired. For this the geometric nature of the Connes fibration plays an essential role.
The fact that the right hand side of (2.32) has nine terms, with each term further splits
into four or even more terms in the process of estimation, partly explains the length of
the computations, which are purely routine and elementary.
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2.6. Estimates of the terms Ik, 1 ≤ k ≤ 6, Part I. Before going on, we set a
notational convention: in what follows, by O(|Z|2) and O( 1√
T
), we will mean Oβ,ε(|Z|2)
and Oβ,ε(
1√
T
), i.e., the associated estimating constants may depend on β > 0 and ε > 0.
While for other O(· · · ) terms, the corresponding estimating constants will not depend on
β > 0 and ε > 0, unless there appear the subscripts “β” and/or “ε” which will indicate
that the corresponding estimating coefficient will depend on β and/or ε.
For brevity, let fT be the smooth function on M defined by that on any (x, Z) ≃
ψ(x, Z), one has,
fT (x, Z) = (k(x, Z)αT )
− 1
2 γ (|Z|) exp
(
−T |Z|
2
2
)
.(2.33)
Then one can rewrite JT,β,εσ in (2.18) as
(JT,β,εσ) (x, Z) = fT (x, Z)iQ(τσ(x, Z)).(2.34)
From now on, in case of no confusion, we will omit iQ.
Lemma 2.3. (i) For any σ ∈ Γ((S(F⊕F⊥1 ))|s(M)) and any f ∈ C∞(M) with Supp(f) ⊂
ψ(Uα(F⊥2 )), one has
(pT,β,ε(f τσ)) (x, Z) =
(∫
Mx
fT (x, Z
′)f(x, Z ′)k(x, Z ′)dvMx(Z
′)
)
(JT,β,εσ) (x, Z);
(2.35)
(ii) For any u ∈ Γ(W (F ,F⊥1 ,F⊥2 )) with Supp(u) ⊂ ψ(Uα(F⊥2 )), one has
pT,β,ε (fTu) = JT,β,ε
(
(Qu)|s(M)
)
+ pT,β,ε (Oβ,ε(|Z|)) .(2.36)
Proof. Take any u ∈ Γ(W (F ,F⊥1 ,F⊥2 )). Then for any (x, Z) ∈ Uα(F⊥2 ), (Qu)|ψ(x,Z)
determines a unique element u′ ∈ (S(F ⊕ F⊥1 ))|x such that (τu′)|ψ(x,Z) = (Qu)|ψ(x,Z).
We denote this element by τ−1((Qu)|(x,Z)).
Then one verifies easily that (compare with [3, (9.6) and (9.13)])
(pT,β,εu) (x, Z) = fT (x, Z)
(
τ
∫
Mx
fT (x, Z
′)k(x, Z ′) τ−1
(
(Qu)|(x,Z′)
)
dvMx(Z
′)
)
(x, Z).
(2.37)
Formulas (2.35) and (2.36) follow from (2.37) easily. 
Lemma 2.4. For any X ∈ Γ((F ⊕ F⊥1 )|s(M)), one has
pT,β,εcβ,ε(τX) = cβ,ε(τX)pT,β,ε.(2.38)
Proof. For any σ ∈ Γ((S(F ⊕F⊥1 ))|s(M)) and X ∈ Γ((F ⊕ F⊥1 )|s(M)), we claim that
cβ,ε(τX)τσ = τ (cβ,ε(X)σ) .(2.39)
Indeed, it is easy to verify that
(2.40) Q∇F ,β,εZ (cβ,ε(τX)τσ) = Q
(
cβ,ε
(
∇TM,β,εZ (τX)
)
τσ
)
+ cβ,ε(τX)
Q∇F ,β,εZ (τσ)
= cβ,ε
((
p+ p⊥1
)∇TM,β,εZ (τX)) τσ = 0.
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From (2.40), one sees that cβ,ε(τX)τσ is the parallel transport of (cβ,ε(τX)τσ)|s(M) =
cβ,ε(X)σ, from which (2.39) follows.
Now for any σ ∈ Γ((S(F ⊕ F⊥1 ))|s(M)) and u ∈ Γ(W (F ,F⊥1 ,F⊥2 )) with Supp(u) ⊂
ψ(Uα(F⊥2 )), one verifies via (2.39) that
(2.41) 〈pT,β,εcβ,ε(τX)u, JT,β,εσ〉 = 〈cβ,ε(τX)u, JT,β,εσ〉 = −〈u, cβ,ε(τX)JT,β,εσ〉
= −〈u, JT,β,ε(cβ,ε(X)σ)〉 = −〈pT,β,εu, JT,β,ε(cβ,ε(X)σ)〉 = −〈pT,β,εu, cβ,ε(τX)JT,β,εσ〉
= 〈cβ,ε(τX)pT,β,εu, JT,β,εσ〉 ,
from which (2.38) follows. 
For any X ∈ Γ((F ⊕ F⊥1 )|s(M)), by (2.38), one finds
(1− pT,β,ε) cβ,ε(τX) = cβ,ε(τX) (1− pT,β,ε) .(2.42)
Let f ′i , 1 ≤ i ≤ q (resp. f ′j , q + 1 ≤ j ≤ q + q1) be an orthonormal basis of (F , gF)
(resp. (F⊥1 , gF⊥1 )) on Uα(F⊥2 ), which does not depend on β and ε, and which satisfies
f ′i |s(M) = fi (resp. f ′j |s(M) = fj).
Without loss of generality, we assume that f ′1, · · · , f ′q are lifted from corresponding
elements on M . That is, there is an orthonormal basis f̂1, · · · , f̂q of (F, gF ) such that
f ′i = π
∗f̂i, 1 ≤ i ≤ q.(2.43)
Lemma 2.5. The following asymptotic formulas at (x, Z) (i.e., ψ(x, Z)) with x ∈ s(M),
Z ∈ F⊥2 |x, hold near s(M): (i) if 1 ≤ i ≤ q, then
τfi = f
′
i +
q+q1∑
m=q+1
O
(
ε2|Z|) f ′m +O (|Z|2) ;(2.44)
(ii) if q + 1 ≤ i ≤ q + q1, then
τfi = f
′
i +
q∑
j=1
O
( |Z|
β2
)
f ′j +
q+q1∑
m=q+1
O(|Z|)f ′m +O
(|Z|2) .(2.45)
Proof. We write
τfi = f
′
i +
q+q1∑
k=1
〈τfi − f ′i , f ′k〉 f ′k.(2.46)
Since (
p+ p⊥1
)∇TM,β,εZ (τfi) = 0,(2.47)
one has for 1 ≤ i, k ≤ q that
(2.48) 〈τfi − f ′i , f ′k〉(x,Z) = Z
(
〈τfi, f ′k〉(x,Z)
)
+O
(|Z|2)
=
〈
τfi,∇TM,β,εZ f ′k
〉
(x,Z)
+O
(|Z|2) = 〈fi,∇TM,β,εZ f ′k〉
x
+O
(|Z|2) ,
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while for 1 ≤ i ≤ q, q + 1 ≤ k ≤ q + q1, one has, by (1.5), (1.8),
(2.49) 〈τfi − f ′i , f ′k〉(x,Z) = Z
(
〈τfi, f ′k〉(x,Z)
)
+O
(|Z|2)
= β2ε2
〈
fi,∇TM,β,εZ f ′k
〉
x
+O
(|Z|2) = O (ε2|Z|)+O (|Z|2) .
Now by (2.43), one has that for any e ∈ Γ(F⊥2 ) and 1 ≤ i ≤ q,
[e, f ′i ] ∈ Γ
(F⊥2 ) ,(2.50)
from which one verifies that for any e ∈ Γ(F⊥2 ) and 1 ≤ i, k ≤ q,〈
f ′i ,∇TM,β,εe f ′k
〉
=
〈
e,∇TM,β,εf ′i f
′
k
〉
= 0.(2.51)
From (2.46), (2.48), (2.49) and (2.51), one gets (2.44).
By proceeding as in (2.48), one sees that for q + 1 ≤ m ≤ q + q1, 1 ≤ k ≤ q,
(2.52) 〈τfm − f ′m, f ′k〉(x,Z) = Z
(
〈τfm, f ′k〉(x,Z)
)
+O
(|Z|2)
=
1
β2ε2
〈
fm,∇TM,β,εZ f ′k
〉
x
+O
(|Z|2) = O( |Z|
β2
)
+O
(|Z|2) ,
while for q + 1 ≤ m, k ≤ q + q1, one has
(2.53) 〈τfm − f ′m, f ′k〉(x,Z) = Z
(
〈τfm, f ′k〉(x,Z)
)
+O
(|Z|2)
=
〈
fm,∇TM,β,εZ f ′k
〉
x
+O
(|Z|2) = O (|Z|) +O (|Z|2) .
From (2.46), (2.52) and (2.53), one gets (2.45). 
Lemma 2.6. There exists Cβ,ε > 0 such that the following estimate holds near s(M) for
|Z| ≤ 2α/3: for any σ ∈ Γ((S(F ⊕ F⊥1 ))|s(M)), one has
(2.54)
q+q1∑
i=1
∣∣∣ Q∇F ,,β,ετfi (τσ)∣∣∣2ψ(x,Z) +
q2∑
j=1
∣∣∣ Q∇F ,β,ετej (τσ)∣∣∣2
ψ(x,Z)
≤ Cβ,ε
(
q+q1∑
i=1
∣∣∣ Q∇F ,β,εfi (τσ)∣∣∣2x + |σ|2x
)
.
Proof. For any X ∈ Γ(TM)|s(M) and σ, σ′ ∈ Γ((S(F ⊕ F⊥1 ))|s(M)), one verifies that,
(2.55)
〈
Q∇F ,β,ετX (τσ), τσ′
〉
β,ε
= τX 〈τσ, τσ′〉β,ε −
〈
τσ, Q∇F ,β,ετX (τσ′)
〉
β,ε
= τX 〈σ, σ′〉β,ε −
〈
τσ, Q∇F ,β,ετX (τσ′)
〉
β,ε
.
From (2.55) and let σ′ run through the orthonormal basis of (S(F ⊕ F⊥1 ))|s(M), one
obtains (2.54) easily. 
We now start to estimate the terms Ik, 1 ≤ k ≤ 6.
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For any 1 ≤ i ≤ q + q1, we denote by τ˜ fi the unit vector field (with respect to gTMβ,ε )
corresponding to τfi, that is,
τ˜ fi =
τfi
|τfi|β,ε .(2.56)
Then, one has τ˜ fi = β
−1τfi if 1 ≤ i ≤ q, while τ˜ fi = ετfi if q + 1 ≤ i ≤ q + q1.
Let 1 ≤ i, j ≤ q + q1 be such that i 6= j. By (2.42) one deduces that
(2.57)
〈
(1− pT,β,ε) cβ,ε (τ˜ fi)∇F ,β,ετ˜fi JT,β,εσ, (1− pT,β,ε) cβ,ε (τ˜ fj) ∇
F ,β,ε
τ˜fj
JT,β,εσ
〉
= 〈cβ,ε (τ˜ fi) (1− pT,β,ε) τ˜ fi(fT )τσ, cβ,ε (τ˜ fj) (1− pT,β,ε) τ˜ fj(fT )τσ〉
+
〈
cβ,ε (τ˜ fi) (1− pT,β,ε) τ˜ fi(fT )τσ, (1− pT,β,ε) cβ,ε (τ˜ fj) fT∇F ,β,ετ˜fj (τσ)
〉
+
〈
(1− pT,β,ε) cβ,ε (τ˜ fi) fT∇F ,β,ετ˜fi (τσ), cβ,ε (τ˜ fj) (1− pT,β,ε) τ˜ fj(fT )τσ
〉
+
〈
(1− pT,β,ε) cβ,ε (τ˜ fi) fT∇F ,β,ετ˜fi (τσ), (1− pT,β,ε) cβ,ε (τ˜ fj) fT ∇
F ,β,ε
τ˜fj
(τσ)
〉
.
By (2.34) and (2.35), one has for any 1 ≤ i ≤ q + q1,
(1− pT,β,ε) τfi (fT ) τσ =
(
τfi (fT )− fT
∫
Mx
fT τfi (fT ) k dvMx
)
τσ.(2.58)
For any 1 ≤ i ≤ q + q1, set
ρT,β,ε,i = τfi (fT )− fT
∫
Mx
fT τfi (fT ) k dvMx .(2.59)
By (2.33), one has
τfi (fT ) (x, Z) =
(
− τfi (k) γ
2k3/2
√
αT
+
τfi(γ)
k1/2
√
αT
− Tτfi (|Z|
2) γ
2k1/2
√
αT
)
exp
(
−T |Z|
2
2
)
.(2.60)
Let Z =
∑q2
i=1 ziei ∈ F⊥2 |s(M). Let ajik ∈ C∞(s(M)) be defined by
τfi (zj) = τfi (zj)|s(M) +
q2∑
k=1
akijzk +O
(|Z|2) .(2.61)
By (2.33), (2.59)-(2.61) and Lemma 2.5, when T > 0 is large enough, if 1 ≤ i ≤ q,
(2.62) ρT,β,ε,i(x, Z) = −Tτfi (|Z|
2)
2
fT (x, Z) +
τfi(γ)
k1/2
√
αT
(1− γ) exp
(
−T |Z|
2
2
)
+
1
2
(
q2∑
j=1
ajij +O(|Z|) +O
(|Z|2)+O( 1√
T
))
fT (x, Z),
while for q + 1 ≤ i ≤ q + q1, one has
(2.63) ρT,β,ε,i(x, Z) = −Tτfi (|Z|
2)
2
fT (x, Z) +
τfi(γ)
k1/2
√
αT
(1− γ) exp
(
−T |Z|
2
2
)
+
1
2
(
q2∑
j=1
ajij +O
( |Z|
β2
)
+O
(|Z|2)+O( 1√
T
))
fT (x, Z).
We now start to estimate (2.57).
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For the first term in the right hand side of (2.57), by (2.58) and (2.59), for i 6= j,
(2.64) Re (〈cβ,ε (τ˜ fi) (1− pT,β,ε) τfi (fT ) τσ, cβ,ε (τ˜ fj) (1− pT,β,ε) τfj (fT ) τσ〉)
= Re (〈cβ,ε (τ˜ fi) cβ,ε (τ˜ fj) ρT,β,ε,iρT,β,ε,jτσ, τσ〉) = 0,
as cβ,ε(τ˜ fi)cβ,ε(τ˜ fj) is skew-adjoint.
For the second and the third terms in the right hand side of (2.57), by (2.42), one
finds that for i 6= j,
(2.65)
〈
cβ,ε (τ˜ fi) (1− pT,β,ε) τ˜ fi (fT ) τσ, (1− pT,β,ε) cβ,ε (τ˜ fj) fT∇F ,β,ετ˜fj (τσ)
〉
=
〈
cβ,ε (τ˜ fi) cβ,ε (τ˜ fj) τ˜ fi (fT ) τσ, (1− pT,β,ε) fT∇F ,β,ετ˜fj (τσ)
〉
=
〈
cβ,ε (τ˜ fi) cβ,ε (τ˜ fj) τ˜ fi (fT ) fT τσ,
Q∇F ,β,ετ˜fj (τσ)− τ
(
Q∇F ,β,ετ˜fj (τσ)
∣∣∣
s(M)
)〉
−
〈
cβ,ε (τ˜ fi) cβ,ε (τ˜ fj) fTpT,β,ε (τ˜ fi (fT ) τσ) ,
Q∇F ,β,ετ˜fj (τσ)− τ
(
Q∇F ,β,ετ˜fj (τσ)
∣∣∣
s(M)
)〉
.
Since this term is more delicate to deal with than the other terms, we postpone it’s
analysis to the next subsection.
For the fourth term in the right hand side of (2.57), one first sees easily via (2.36) and
(2.54) that when T > 0 is large enough, for any x ∈ s(M),
(2.66)∫
Mx
〈
(1− pT,β,ε) cβ,ε (τ˜ fi) fT∇F ,β,ετ˜fi (τσ), (1− pT,β,ε) cβ,ε (τ˜ fj) fT∇
F ,β,ε
τ˜fj
(τσ)
〉
k dvMx
=
〈
cβ,ε (τ˜ fi) (1−Q)∇F ,β,ετ˜fi (τσ), cβ,ε (τ˜ fj) (1−Q)∇
F ,β,ε
τ˜fj
(τσ)
〉
x
+O
(
1√
T
)
|σ|2x +O
(
1√
T
) q+q1∑
j=1
∣∣∣Q∇F ,β,εfj (τσ)∣∣∣2x .
By definition (cf. (1.66) and (1.67)), one has on s(M) that
(2.67) (1−Q)
(
∇F ,β,εfi
)
Q =
β
2
q∑
k=1
q2∑
j=1
〈
∇TM,β,εfi ej , fk
〉
cβ,ε (ej) cβ,ε
(
β−1fk
)
+
ε−1
2
q+q1∑
k=q+1
q2∑
j=1
〈
∇TM,β,εfi ej , fk
〉
cβ,ε (ej) cβ,ε (εfk) .
By (2.51), one has for 1 ≤ i, k ≤ q that〈
∇TM,β,εfi ej, fk
〉
= 0.(2.68)
Also, by (1.5) and (1.8), one finds that when 1 ≤ i ≤ q, q + 1 ≤ k ≤ q + q1,
ε−1
〈
∇TM,β,εfi ej , fk
〉
= O (ε) .(2.69)
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From (2.56) and (2.66)-(2.69), one gets that if 1 ≤ i, j ≤ q with i 6= j, then
(2.70)∫
Mx
〈
(1− pT,β,ε) cβ,ε (τ˜ fi) fT∇F ,β,ετ˜fi (τσ), (1− pT,β,ε) cβ,ε (τ˜ fj) fT∇
F ,β,ε
τ˜fj
(τσ)
〉
k dvMx
=
(
O
(
ε2
β2
)
+O
(
1√
T
))
|σ|2x +O
(
1√
T
) q+q1∑
j=1
∣∣∣Q∇F ,β,εfj (τσ)∣∣∣2x .
If q + 1 ≤ i ≤ q + q1, 1 ≤ k ≤ q, then one has by (1.21) that
β
〈
∇TM,β,εfi ej, fk
〉
= O
(
1
β
)
,(2.71)
while if q + 1 ≤ i, k ≤ q + q1, one has
ε−1
〈
∇TM,β,εfi ej , fk
〉
= O
(
ε−1
)
.(2.72)
Combining with (2.66)-(2.69), one gets that if q + 1 ≤ i ≤ q + q1, 1 ≤ j ≤ q, then
(2.73)∫
Mx
〈
(1− pT,β,ε) cβ,ε (τ˜ fi) fT∇F ,β,ετ˜fi (τσ), (1− pT,β,ε) cβ,ε (τ˜ fj) fT∇
F ,β,ε
τ˜fj
(τσ)
〉
k dvMx
=
(
O
(
ε(β + ε)
β2
)
+O
(
1√
T
))
|σ|2x +O
(
1√
T
) q+q1∑
j=1
∣∣∣Q∇F ,β,εfj (τσ)∣∣∣2x .
Also, when q + 1 ≤ i, j ≤ q + q1 with i 6= j, one gets
(2.74)∫
Mx
〈
(1− pT,β,ε) cβ,ε (τ˜ fi) fT∇F ,β,ετ˜fi (τσ), (1− pT,β,ε) cβ,ε (τ˜ fj) fT∇
F ,β,ε
τ˜fj
(τσ)
〉
k dvMx
=
(
O
(
(β + ε)2
β2
)
+O
(
1√
T
))
|σ|2x +O
(
1√
T
) q+q1∑
j=1
∣∣∣Q∇F ,β,εfj (τσ)∣∣∣2x .
Now we consider the terms I5 and I6. By (2.30) and (2.31), we need to consider the
following term for 1 ≤ j ≤ q + q1 and 1 ≤ k ≤ q2:
(2.75)
〈
(1− pT,β,ε) cβ,ε (τ˜ fi)∇F ,β,ετ˜fi JT,β,εσ, (1− pT,β,ε) cβ,ε (τek)∇F ,β,ετek JT,β,εσ
〉
= 〈cβ,ε (τ˜ fi) (1− pT,β,ε) τ˜ fi (fT ) τσ, cβ,ε (τek) τek (fT ) τσ〉
+
〈
(1− pT,β,ε) cβ,ε (τ˜ fi) fT∇F ,β,ετ˜fi τσ, cβ,ε (τek) fT∇F ,β,ετek (τσ)
〉
+
〈
(1− pT,β,ε) cβ,ε (τ˜ fi) fT∇F ,β,ετ˜fi (τσ), cβ,ε (τek) τek (fT ) τσ
〉
+
〈
cβ,ε (τ˜ fi) (1− pT,β,ε) τ˜ fi (fT ) τσ, cβ,ε (τek) fT∇F ,β,ετek (τσ)
〉
.
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First, by (2.58) and the obvious parity consideration,13 we have
〈cβ,ε (τ˜ fi) (1− pT,β,ε) τ˜ fi (fT ) τσ, cβ,ε (τek) τek (fT ) τσ〉 = 0.(2.76)
Lemma 2.7. For any U ∈ Γ(F⊥2 |s(M)), the following identity holds on s(M),(
Q∇F ,β,εU (τσ)
)∣∣∣
s(M)
= 0.(2.77)
Proof. By construction, one has
Q∇F ,β,εZ (τσ) = 0.(2.78)
Taking the derivative with respect to zi, one gets(
Q∇F ,β,εei (τσ)
)∣∣
s(M)
= 0.(2.79)
Formula (2.77) follows from (2.79). 
For the second term in the right hand side of (2.75), one obtains by (2.36), (2.54) and
Lemma 2.7 that for any x ∈ s(M), one has
(2.80)
∫
Mx
〈
(1− pT,β,ε) cβ,ε (τ˜ fi) fT∇F ,β,ετ˜fi (τσ), cβ,ε (τek) fT∇F ,β,ετek (τσ)
〉
(x,Z)
k dvMx
=
〈
cβ,ε (τ˜ fi) (1−Q)∇F ,β,ετ˜fi (τσ), cβ,ε (ek) (1−Q)∇F ,β,εek (τσ)
〉
x
+O
(
1√
T
)
|σ|2x +O
(
1√
T
) q+q1∑
j=1
∣∣∣Q∇F ,β,εfj (τσ)∣∣∣2x .
By (1.6) and (2.2), one knows that for any U, V ∈ Γ(F⊥2 ) and X ∈ Γ(F), one has〈
∇TM,β,εU V,X
〉
= 0.(2.81)
Similar to (2.67), one has by (2.81) that, on s(M),
(2.82) (1−Q) (∇F ,β,εek )Q = β2
q∑
s=1
q2∑
j=1
〈∇TM,β,εek ej, fs〉 cβ,ε (ej) cβ,ε (β−1fs)
+
ε−1
2
q+q1∑
s=q+1
q2∑
j=1
〈∇TM,β,εek ej , fs〉 cβ,ε (ej) cβ,ε (εfs)
=
ε−1
2
q+q1∑
s=q+1
q2∑
j=1
〈∇TM,β,εek ej, fs〉 cβ,ε (ej) cβ,ε (εfs) .
13By the“parity consideration” here we mean that if a term A involves an odd number of Clifford
actions c(U) with U ∈ F⊥2 , then one has the obvious fact that QAQ = 0, etc. The “degree consideration”
appears in the later text is based on the same reasoning.
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From (2.67), (2.80), (2.82) and the easy parity consideration, one gets that for 1 ≤
i ≤ q + q1, 1 ≤ k ≤ q2,
(2.83)
∫
Mx
〈
(1− pT,β,ε) cβ,ε (τ˜ fi) fT∇F ,β,ετ˜fi (τσ), cβ,ε (τek) fT∇F ,β,ετek (τσ)
〉
(x,Z)
k dvMx
= O
(
1√
T
)
|σ|2x +O
(
1√
T
) q+q1∑
j=1
∣∣∣Q∇F ,β,εfj (τσ)∣∣∣2x .
For the third term in the right hand side of (2.75), if 1 ≤ i ≤ q + q1, one has by an
easy degree consideration,
(2.84)
〈
(1− pT,β,ε) cβ,ε (τ˜ fi) fT∇F ,β,ετ˜fi (τσ), cβ,ε (τek) τek (fT ) τσ
〉
=
〈
cβ,ε (τ˜ fi) fT∇F ,β,ετ˜fi (τσ), cβ,ε (τek) τek (fT ) τσ
〉
=
〈
cβ,ε (τ˜ fi) fT (1−Q)∇F ,β,ετ˜fi (τσ), cβ,ε (τek) τek (fT ) τσ
〉
.
As in (2.67), one has
(2.85) (1−Q)
(
∇F ,β,ετfi
)
Q =
1
2β
q∑
k=1
q2∑
j=1
〈
∇TM,β,ετfi (τej), τfk
〉
β,ε
cβ,ε (τej) cβ,ε
(
β−1τfk
)
+
ε
2
q+q1∑
k=q+1
q2∑
j=1
〈
∇TM,β,ετfi (τej), τfk
〉
β,ε
cβ,ε (τej) cβ,ε (ετfk) ,
where the subscripts “β”, “ε” are to emphasize that the pointwise inner product is the
one with respect to gTMβ,ε .
From (2.85), one finds
(2.86)
〈
cβ,ε (τfi) fT (1−Q)∇F ,β,ετfi (τσ), cβ,ε (τek) τek (fT ) τσ
〉
=
1
2β
q∑
m=1
q2∑
j=1
(∫
s(M)
〈
cβ,ε (fi) cβ,ε (ej) cβ,ε
(
β−1fm
)
σ, cβ,ε (ek) σ
〉
dvs(M)
·
∫
Mx
〈
∇TM,β,ετfi (τej), τfm
〉
β,ε
fT τek (fT ) k dvMx(Z)
)
+
ε
2
q+q1∑
m=q+1
q2∑
j=1
(∫
s(M)
〈cβ,ε (fi) cβ,ε (ej) cβ,ε (εfm)σ, cβ,ε (ek)σ〉 dvs(M)
·
∫
Mx
〈
∇TM,β,ετfi (τej), τfm
〉
β,ε
fT τek (fT ) k dvMx(Z)
)
= − 1
2β
q∑
m=1
∫
s(M)
〈
cβ,ε (fi) cβ,ε
(
β−1fm
)
σ, σ
〉
dvs(M)
·
∫
Mx
〈
∇TM,β,ετfi (τek), τfm
〉
β,ε
fT τek (fT ) k dvMx(Z)
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−ε
2
q+q1∑
m=q+1
∫
s(M)
〈cβ,ε (fi) cβ,ε (εfm)σ, σ〉 dvs(M)
·
∫
Mx
〈
∇TM,β,ετfi (τek), τfm
〉
β,ε
fT τek (fT ) k dvMx(Z).
Clearly, when i 6= m, cβ,ε(fi)cβ,ε(fm) is skew-adjoint, thus
Re (〈cβ,ε (fi) cβ,ε (fm) σ, σ〉) = 0.(2.87)
By (2.33), one has
τek (fT ) (x, Z) =
(
− τek (k) γ
2k3/2
√
αT
+
τek(γ)
k1/2
√
αT
− Tτek (|Z|
2) γ
2k1/2
√
αT
)
exp
(
−T |Z|
2
2
)
.(2.88)
By (2.3), one knows that τek does not depend on β and ε.
From Lemma 2.5 and (2.68), one gets that for 1 ≤ i, m ≤ q, 1 ≤ j ≤ q2,
(2.89)〈
∇TM,β,ετfi (τej), τfm
〉
β,ε
∣∣∣∣
(x,Z)
=
〈
∇TM,β,ε
f ′i+
∑q+q1
k=q+1O(ε
2|Z|)f ′
k
(τej), f
′
m +
q+q1∑
k=q+1
O
(
ε2|Z|) f ′k
〉
β,ε
+O
(|Z|2) = O (ε2|Z|)+O (|Z|2) .
From (2.88) and (2.89), one gets
1
β
∫
Mx
〈
∇TM,β,ετfi (τej), τfm
〉
β,ε
fT τek (fT ) k dvMx(Z) = O
(
ε2
β
)
+O
(
1√
T
)
.(2.90)
From (2.56), (2.84), (2.86), (2.87) and (2.90), one finds that when 1 ≤ i ≤ q, 1 ≤ k ≤
q2,
(2.91)
〈
(1− pT,β,ε) cβ,ε (τ˜ fi) fT∇F ,β,ετ˜fi (τσ), cβ,ε (τek) τek (fT ) τσ
〉
=
(
O
(
ε2
β2
)
+O
(
1√
T
))∫
s(M)
|σ|2dvs(M).
Now for q + 1 ≤ i, m ≤ q + q1 and 1 ≤ j ≤ q2, one has
(2.92)
〈
∇TM,β,ετfi (τej), τfm
〉
β,ε
∣∣∣∣
(x,Z)
=
〈
∇TM,β,ε
f ′i+
∑q
j=1 O
(
|Z|
β2
)
f ′j+
∑q+q1
k=q+1O(|Z|)f ′k
(τej),
f ′m +
q∑
j=1
O
( |Z|
β2
)
f ′j +
q+q1∑
k=q+1
O(|Z|)f ′k
〉
β,ε
+O
(|Z|2)
= O
(
1
ε2
)
+O
((
1
β2
+
1
ε2
)
|Z|
)
+O
(|Z|2) .
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By using (2.56), (2.84), (2.86)-(2.88) and (2.92), one finds that when q+1 ≤ i ≤ q+q1,
1 ≤ k ≤ q2,
(2.93)
〈
(1− pT,β,ε) cβ,ε (τ˜ fi) fT∇F ,β,ετ˜fi τσ, cβ,ε (τek) τek (fT ) τσ
〉
=
(
O
(
1 +
ε2
β2
)
+O
(
1√
T
))∫
s(M)
|σ|2dvs(M).
For the fourth term in the right hand side of (2.75), one verifies easily by (2.58) and
(2.59) that
(2.94)
〈
cβ,ε (τfi) (1− pT,β,ε) τfi (fT ) τσ, cβ,ε (τek) fT∇F ,β,ετek (τσ)
〉
=
〈
cβ,ε (τfi) (1− pT,β,ε) τfi (fT ) τσ, cβ,ε (τek) fT (1−Q)∇F ,β,ετek (τσ)
〉
=
〈
cβ,ε (τfi) ρT,β,ε,iτσ, cβ,ε (τek) fT (1−Q)∇F ,β,ετek (τσ)
〉
.
As in (2.85), one has
(2.95)
(1−Q)∇F ,β,ετek (τσ) =
1
2β
q2∑
j=1
q∑
m=1
〈∇TM,β,ετek (τej), τfm〉β,ε cβ,ε(τej)cβ,ε (β−1τfm) τσ
+
ε
2
q2∑
j=1
q+q1∑
m=q+1
〈∇TM,β,ετek (τej), τfm〉β,ε cβ,ε(τej)cβ,ε(ετfm)τσ.
By Lemma 2.5, (2.2) and (2.81), one verifies that for 1 ≤ m ≤ q, one has
(2.96)〈∇TM,β,ετei (τej), τfm〉β,ε∣∣∣(x,Z) =
〈
∇TM,β,ετei τej , f ′m +
q+q1∑
k=q+1
O
(
ε2|Z|) f ′k
〉
β,ε
+O
(|Z|2)
= O
(
ε2|Z|)+O (|Z|2) ,
while for q + 1 ≤ m ≤ q + q1, one has,
(2.97)〈∇TM,β,ετei (τej), τfm〉β,ε∣∣∣(x,Z) =
〈
∇TM,β,ετei τej , f ′m +
q∑
j=1
O
( |Z|
β2
)
f ′j +
q+q1∑
k=q+1
O(|Z|)f ′k
〉
β,ε
+O
(|Z|2) = O (1) +O (|Z|) +O (|Z|2) .
From Lemma 2.5, (2.62), (2.63) and (2.94)-(2.97), one gets that for 1 ≤ i ≤ q and
1 ≤ k ≤ q2, and also using the parity consideration,
(2.98)
1
β
〈
cβ,ε
(
β−1τfi
)
(1− pT,β,ε) τfi (fT ) τσ, cβ,ε (τek) fT∇F ,β,ετek (τσ)
〉
=
(
O
(
ε2
β2
)
+O
(
1√
T
))∫
s(M)
|σ|2dvs(M),
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while for q + 1 ≤ i ≤ q + q1 and 1 ≤ k ≤ q2, one has
(2.99) ε
〈
cβ,ε (ετfi) (1− pT,β,ε) τfi (fT ) τσ, cβ,ε (τek) fT∇F ,β,ετek (τσ)
〉
=
(
O
(
ε2
β2
)
+O
(
1√
T
))∫
s(M)
|σ|2dvs(M).
Now we consider the term for 1 ≤ i, k ≤ q2 with i 6= k,
(2.100)
〈
(1− pT,β,ε) cβ,ε (τei)∇F ,β,ετei JT,β,εσ, cβ,ε (τek)∇F ,β,ετek JT,β,εσ
〉
= 〈(1− pT,β,ε) cβ,ε (τei) τei (fT ) τσ, cβ,ε (τek) τek (fT ) τσ〉
+
〈
(1− pT,β,ε) cβ,ε (τei) fT∇F ,β,ετei (τσ), cβ,ε (τek) fT∇F ,β,ετek (τσ)
〉
+
〈
(1− pT,β,ε) cβ,ε (τei) fT∇F ,β,ετei (τσ), cβ,ε (τek) τek (fT ) τσ
〉
+
〈
(1− pT,β,ε) cβ,ε (τei) τei (fT ) τσ, cβ,ε (ek) fT∇F ,β,ετek (τσ)
〉
.
For the first term in the right hand side of (2.100), one has, as i 6= k,
(2.101) 〈(1− pT,β,ε) cβ,ε (τei) τei (fT ) τσ, cβ,ε (τek) τek (fT ) τσ〉
= −〈τek (fT ) τei (fT ) τσ, cβ,ε (τei) cβ,ε (τek) τσ〉 = 0.
For the second term in the right hand side of (2.100), one has by (2.36) and Lemma
2.7 that for any x ∈ s(M),
(2.102)
∫
Mx
〈
(1− pT,β,ε) cβ,ε (τei) fT∇F ,β,ετei (τσ), cβ,ε (τek) fT∇F ,β,ετek (τσ)
〉
(x,Z)
k dvMx
=
∫
Mx
f 2T
〈
(1−Q) cβ,ε (τei) (1−Q)∇F ,β,ετei (τσ), cβ,ε (τek) (1−Q)∇F ,β,ετek (τσ)
〉
(x,Z)
k dvMx
+O
(
1√
T
)
|σ|2x +O
(
1√
T
) q+q1∑
i=1
∣∣∣ Q∇F ,β,εfi (τσ)∣∣∣2x
=
〈
(1−Q) cβ,ε (ei) (1−Q)∇F ,β,εei (τσ), cβ,ε (ek) (1−Q)∇F ,β,εek (τσ)
〉
x
+O
(
1√
T
)
|σ|2x +O
(
1√
T
) q+q1∑
i=1
∣∣∣Q∇F ,β,εfi (τσ)∣∣∣2x .
Now, one has by (2.82) that for any 1 ≤ i ≤ q2, at x ∈ s(M),
(2.103) (1−Q)cβ,ε(ei)(1−Q)∇F ,β,εei Q
=
ε−1
2
q2∑
j=1, j 6=i
q+q1∑
m=q+1
〈∇TM,β,εei ej , fm〉 cβ,ε(ei)cβ,ε(ej)cβ,ε(εfm).
For q + 1 ≤ m ≤ q + q1, one has, by (2.2),〈∇TM,β,εei ej, fm〉 = O (ε2) .(2.104)
DIRAC OPERATORS ON FOLIATIONS: THE LICHNEROWICZ INEQUALITY 35
From (2.102)-(2.104), one gets that for x ∈ s(M),
(2.105)
∫
Mx
〈
(1− pT,β,ε) cβ,ε (τei) fT∇F ,β,ετei (τσ), cβ,ε (τek) fT∇F ,β,ετek (τσ)
〉
(x,Z)
k dvMx
=
(
O
(
ε2
)
+O
(
1√
T
))
|σ|2x +O
(
1√
T
) q+q1∑
i=1
∣∣∣ Q∇F ,β,εfi (τσ)∣∣∣2x .
For the third term in the right hand side of (2.100), since i 6= k, by (2.95) and a simple
parity consideration, one has that
(2.106)
〈
(1− pT,β,ε) cβ,ε (τei) fT∇F ,β,ετei (τσ), cβ,ε (τek) τek (fT ) (τσ)
〉
=
〈
cβ,ε (τei) fT∇F ,β,ετei (τσ), cβ,ε (τek) τek (fT ) τσ
〉
= 0.
Similarly, for the fourth term in the right hand side of (2.100), one has〈
(1− pT,β,ε) cβ,ε (τei) τei (fT ) τσ, cβ,ε (τek) fT∇F ,β,ετek (τσ)
〉
= 0.(2.107)
By (2.28), (2.100), (2.101) and (2.105)-(2.107), one gets
(2.108) I3 =
(
O
(
ε2
)
+O
(
1√
T
))∫
s(M)
|σ|2dvs(M)
+O
(
1√
T
)∫
s(M)
q+q1∑
i=1
∣∣∣ Q∇F ,β,εfi (τσ)∣∣∣2 dvs(M).
Similarly, by (2.30), (2.75), (2.76), (2.83), (2.91) and (2.98), one gets
(2.109) I5 =
(
O
(
ε2
β2
)
+O
(
1√
T
))∫
s(M)
|σ|2dvs(M)
+O
(
1√
T
)∫
s(M)
q+q1∑
i=1
∣∣∣ Q∇F ,β,εfi (τσ)∣∣∣2 dvs(M),
while by (2.31), (2.75), (2.76), (2.83), (2.93) and (2.99), one gets
(2.110) I6 =
(
O
(
1 +
ε2
β2
)
+O
(
1√
T
))∫
s(M)
|σ|2dvs(M)
+O
(
1√
T
)∫
s(M)
q+q1∑
i=1
∣∣∣ Q∇F ,β,εfi (τσ)∣∣∣2 dvs(M).
2.7. Estimates of the terms Ik, 1 ≤ k ≤ 6, Part II. In this subsection, we deal with
the term left in (2.65). First of all, by Lemma 2.6 it is easy to see that the last term in
(2.65) verifies the following estimate,
(2.111)〈
cβ,ε (τ˜ fi) cβ,ε (τ˜ fj) fTpT,β,ε (τ˜ fi (fT ) τσ) ,
Q∇F ,β,ετ˜fj (τσ)− τ
(
Q∇F ,β,ετ˜fj (τσ)
∣∣∣
s(M)
)〉
= O
(
1√
T
)∫
s(M)
|σ|2dvs(M) +O
(
1√
T
)∫
s(M)
q+q1∑
i=1
∣∣∣ Q∇F ,β,εfi (τσ)∣∣∣2 dvs(M).
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Thus we need to deal with the following term:
(2.112)
〈
cβ,ε (τ˜ fi) cβ,ε (τ˜ fj) τ˜ fi (fT ) fT τσ,
Q∇F ,β,ετ˜fj (τσ)− τ
(
Q∇F ,β,ετ˜fj (τσ)
∣∣∣
s(M)
)〉
=
∫
M
τ˜ fi (fT ) fT
〈
cβ,ε (τ˜ fi) cβ,ε (τ˜ fj) τσ,
Q∇F ,β,ετ˜fj (τσ)− τ
(
Q∇F ,β,ετ˜fj (τσ)
∣∣∣
s(M)
)〉
dvM.
In view of (2.60), we need to examine the first order terms (in Z) of the inner product
term in the right hand side of (2.112).
By (2.19) and (2.39), one has the following pointwise formula on M,
(2.113) Z
〈
cβ,ε (τ˜ fi) cβ,ε (τ˜ fj) τσ,
Q∇F ,β,ετ˜fj (τσ)
〉
=
〈
cβ,ε (τ˜ fi) cβ,ε (τ˜ fj) τσ,
Q∇F ,β,εZ Q∇F ,β,ετ˜fj (τσ)
〉
=
〈
cβ,ε (τ˜ fi) cβ,ε (τ˜ fj) τσ,
(
QRF ,β,ε(Z, τ˜fj) + Q∇F ,β,ε[Z,τ˜fj ]
)
τσ
〉
,
where QRF ,β,ε is the curvature of Q∇F ,β,ε.
From Lemma 2.6, (2.4) and (2.113), one has, at (x, Z) ≃ ψ(x, Z) ∈M,
(2.114)
〈
cβ,ε (τ˜ fi) cβ,ε (τ˜ fj) τσ,
Q∇F ,β,ετ˜fj (τσ)− τ
(
Q∇F ,β,ετ˜fj (τσ)
∣∣∣
s(M)
)〉
=
〈
cβ,ε (τ˜ fi) cβ,ε (τ˜ fj) τσ,
(
QRF ,β,ε(Z, τ˜fj) +
Q∇F ,β,ε[Z,τ˜fj ]
)
τσ
〉
+O
(|Z|2)(|σ|2x + q+q1∑
i=1
∣∣∣Q∇F ,β,εfi (τσ)∣∣∣2x
)
.
Clearly,
QRF ,β,ε = QRF ,β,εQ−Q∇F ,β,ε(1−Q)∇F ,β,εQ.(2.115)
Recall that f ′1, · · · , f ′q+q1 is an orthonormal basis of F ⊕F⊥1 with respect to gF ⊕ gF
⊥
1
not depending on β and ε, such that f ′1, · · · , f ′q is an orthonormal basis of F verifying
(2.43).
By definition (cf. (1.67)), one has
(2.116)(
QRF ,β,εQ
)
(Z, τfj) =
1
4β2
q∑
s, t=1
〈
RTM,β,ε(Z, τfj)τfs, τft
〉
β,ε
cβ,ε
(
β−1τfs
)
cβ,ε
(
β−1τft
)
+
ε2
4
q+q1∑
s, t=q+1
〈
RTM,β,ε(Z, τfj)τfs, τft
〉
β,ε
cβ,ε(ετfs)cβ,ε(ετft)
+
ε
2β
q∑
s=1
q+q1∑
t=q+1
〈
RTM,β,ε(Z, τfj)τfs, τft
〉
β,ε
cβ,ε
(
β−1τfs
)
cβ,ε(ετft).
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If 1 ≤ j, s, t ≤ q, one verifies, by (1.14), (2.44), (2.50) and (2.51) that14
(2.117)
1
β2
〈
RTM,β,ε(Z, τfj)τfs, τft
〉
β,ε
=
〈
RTM,β,ε(f ′s, f
′
t)Z, f
′
j
〉
+O
(|Z|2)
=
〈
∇TM,β,εf ′s ∇
TM,β,ε
f ′t
Z, f ′j
〉
−
〈
∇TM,β,εf ′t ∇
TM,β,ε
f ′s
Z, f ′j
〉
−
〈
∇TM,β,ε[f ′s,f ′t ] Z, f
′
j
〉
+O
(|Z|2)
= −
〈
p∇TM,β,εf ′t Z,∇
TM,β,ε
f ′s
f ′j
〉
− 1
β2ε2
〈
p⊥1∇TM,β,εf ′t Z,∇
TM,β,ε
f ′s
f ′j
〉
− 1
β2
〈
p⊥2∇TM,β,εf ′t Z,∇
TM,β,ε
f ′s
f ′j
〉
+
〈
p∇TM,β,εf ′s Z,∇
TM,β,ε
f ′t
f ′j
〉
+
1
β2ε2
〈
p⊥1∇TM,β,εf ′s Z,∇
TM,β,ε
f ′t
f ′j
〉
+
1
β2
〈
p⊥2∇TM,β,εf ′s Z,∇
TM,β,ε
f ′t
f ′j
〉
+ f ′s
(〈
∇TM,β,εf ′t Z, f
′
j
〉)
− f ′t
(〈
∇TM,β,εf ′s Z, f
′
j
〉)
−
〈
∇TM,β,ε[f ′s,f ′t] Z, f
′
j
〉
+O
(|Z|2)
= O
(
ε2|Z|)+O (|Z|2) .
If 1 ≤ j ≤ q and q + 1 ≤ s, t ≤ q + q1, one has, in view of (1.20),
(2.118) ε2
〈
RTM,β,ε(Z, τfj)τfs, τft
〉
β,ε
= β2ε2
〈
RTM,β,ε(f ′s, f
′
t)Z, f
′
j
〉
+O
(|Z|2)
= β2ε2
〈
∇TM,β,εf ′s ∇
TM,β,ε
f ′t
Z, f ′j
〉
−β2ε2
〈
∇TM,β,εf ′t ∇
TM,β,ε
f ′s
Z, f ′j
〉
−β2ε2
〈
∇TM,β,ε[f ′s,f ′t] Z, f
′
j
〉
+O
(|Z|2)
= −β2ε2
〈
p∇TM,β,εf ′t Z,∇
TM,β,ε
f ′s
f ′j
〉
−
〈
p⊥1∇TM,β,εf ′t Z,∇
TM,β,ε
f ′s
f ′j
〉
−ε2
〈
p⊥2∇TM,β,εf ′t Z,∇
TM,β,ε
f ′s
f ′j
〉
+β2ε2
〈
p∇TM,β,εf ′s Z,∇
TM,β,ε
f ′t
f ′j
〉
+
〈
p⊥1∇TM,β,εf ′s Z,∇
TM,β,ε
f ′t
f ′j
〉
+ε2
〈
p⊥2∇TM,β,εf ′s Z,∇
TM,β,ε
f ′t
f ′j
〉
+β2ε2f ′s
(〈
∇TM,β,εf ′t Z, f
′
j
〉)
−β2ε2f ′t
(〈
∇TM,β,εf ′s Z, f
′
j
〉)
−β2ε2
〈
∇TM,β,ε[f ′s,f ′t] Z, f
′
j
〉
+O
(|Z|2)
= O
(
ε2|Z|)+O (|Z|2) .
If 1 ≤ j, t ≤ q and q + 1 ≤ s ≤ q + q1, by Lemma 2.5 one has
(2.119)
ε
β
〈
RTM,β,ε(Z, τfj)τfs, τft
〉
β,ε
= βε
〈
RTM,β,ε(f ′s, f
′
t)Z, f
′
j
〉
+O
(|Z|2)
= βε
〈
∇TM,β,εf ′s ∇
TM,β,ε
f ′t
Z, f ′j
〉
−βε
〈
∇TM,β,εf ′t ∇
TM,β,ε
f ′s
Z, fj
〉
−βε
〈
∇TM,β,ε[f ′s,f ′t] Z, f
′
j
〉
+O
(|Z|2)
= −βε
〈
p∇TM,β,εf ′t Z,∇
TM,β,ε
f ′s
f ′j
〉
− 1
βε
〈
p⊥1∇TM,β,εf ′t Z,∇
TM,β,ε
f ′s
f ′j
〉
− ε
β
〈
p⊥2∇TM,β,εf ′t Z,∇
TM,β,ε
f ′s
f ′j
〉
+βε
〈
p∇TM,β,εf ′s Z,∇
TM,β,ε
f ′t
f ′j
〉
+
1
βε
〈
p⊥1∇TM,β,εf ′s Z,∇
TM,β,ε
f ′t
f ′j
〉
+
ε
β
〈
p⊥2∇TM,β,εf ′s Z,∇
TM,β,ε
f ′t
f ′j
〉
+ βεf ′s
(〈
∇TM,β,εf ′t Z, f
′
j
〉)
− βεf ′t
(〈
∇TM,β,εf ′s Z, f
′
j
〉)
− βε
〈
∇TM,β,ε[f ′s,f ′t] Z, f
′
j
〉
+O
(|Z|2)
= O
(
ε|Z|
β
)
+O
(|Z|2) .
14In the following computations of terms involving curvatures, when the inner product is not indicated
with subscripts β, ε, we view it is associated with β = ε = 1.
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If q + 1 ≤ j ≤ q + q1 and 1 ≤ s, t ≤ q, one has
(2.120)
1
β2
〈
RTM,β,ε(Z, τfj)τfs, τft
〉
β,ε
=
1
β2ε2
〈
RTM,β,ε(f ′s, f
′
t)Z, f
′
j
〉
+O
(|Z|2)
=
1
β2ε2
〈
∇TM,β,εf ′s ∇
TM,β,ε
f ′t
Z, f ′j
〉
− 1
β2ε2
〈
∇TM,β,εf ′t ∇
TM,β,ε
f ′s
Z, f ′j
〉
− 1
β2ε2
〈
∇TM,β,ε[f ′s,f ′t] Z, f
′
j
〉
+O
(|Z|2)
= −
〈
p∇TM,β,εf ′t Z,∇
TM,β,ε
f ′s
f ′j
〉
− 1
β2ε2
〈
p⊥1∇TM,β,εf ′t Z,∇
TM,β,ε
f ′s
f ′j
〉
− 1
β2
〈
p⊥2∇TM,β,εf ′t Z,∇
TM,β,ε
f ′s
f ′j
〉
+
〈
p∇TM,β,εf ′s Z,∇
TM,β,ε
f ′t
f ′j
〉
+
1
β2ε2
〈
p⊥1∇TM,β,εf ′s Z,∇
TM,β,ε
f ′t
f ′j
〉
+
1
β2
〈
p⊥2∇TM,β,εf ′s Z,∇
TM,β,ε
f ′t
f ′j
〉
+
1
β2ε2
f ′s
(〈
∇TM,β,εf ′t Z, f
′
j
〉)
− 1
β2ε2
f ′t
(〈
∇TM,β,εf ′s Z, f
′
j
〉)
− 1
β2ε2
〈
∇TM,β,ε[f ′s,f ′t ] Z, f
′
j
〉
+O
(|Z|2)
= O
( |Z|
β2
)
+O
(|Z|2) .
If q + 1 ≤ j, s, t ≤ q + q1, one has
(2.121) ε2
〈
RTM,β,ε(Z, τfj)τfs, τft
〉
β,ε
=
〈
RTM,β,ε(f ′s, f
′
t)Z, f
′
j
〉
+O
(|Z|2)
=
〈
∇TM,β,εf ′s ∇
TM,β,ε
f ′t
Z, f ′j
〉
−
〈
∇TM,β,εf ′t ∇
TM,β,ε
f ′s
Z, f ′j
〉
−
〈
∇TM,β,ε[f ′s,f ′t ] Z, f
′
j
〉
+O
(|Z|2)
= −β2ε2
〈
p∇TM,β,εf ′t Z,∇
TM,β,ε
f ′s
f ′j
〉
−
〈
p⊥1∇TM,β,εf ′t Z,∇
TM,β,ε
f ′s
f ′j
〉
−ε2
〈
p⊥2∇TM,β,εf ′t Z,∇
TM,β,ε
f ′s
f ′j
〉
+β2ε2
〈
p∇TM,β,εf ′s Z,∇
TM,β,ε
f ′t
f ′j
〉
+
〈
p⊥1∇TM,β,εf ′s Z,∇
TM,β,ε
f ′t
f ′j
〉
+ε2
〈
p⊥2∇TM,β,εf ′s Z,∇
TM,β,ε
f ′t
f ′j
〉
+ f ′s
(〈
∇TM,β,εf ′t Z, f
′
j
〉)
− f ′t
(〈
∇TM,β,εf ′s Z, f
′
j
〉)
−
〈
∇TM,β,ε[f ′s,f ′t] Z, f
′
j
〉
+O
(|Z|2)
= O (|Z|) +O (|Z|2) .
If q + 1 ≤ j, t ≤ q + q1 and 1 ≤ s ≤ q, one has
(2.122) − ε
β
〈
RTM,β,ε(Z, τfj)τfs, τft
〉
β,ε
= βε
〈
RTM,β,ε(Z, f ′j)f
′
t , f
′
s
〉
+O
(|Z|2)
= βε
〈
∇TM,β,εZ ∇TM,β,εf ′j f
′
t , f
′
s
〉
−βε
〈
∇TM,β,εf ′j ∇
TM,β,ε
Z f
′
t , f
′
s
〉
−βε
〈
∇TM,β,ε[Z,f ′j ] f
′
t , f
′
s
〉
+O
(|Z|2)
= −βε
〈
p∇TM,β,εf ′j f
′
t ,∇TM,β,εZ f ′s
〉
− 1
βε
〈
p⊥1∇TM,β,εf ′j f
′
t ,∇TM,β,εZ f ′s
〉
− ε
β
〈
p⊥2∇TM,β,εf ′j f
′
t ,∇TM,β,εZ f ′s
〉
+βε
〈
p∇TM,β,εZ f ′t ,∇TM,β,εf ′j f
′
s
〉
+
1
βε
〈
p⊥1∇TM,β,εZ f ′t ,∇TM,β,εf ′j f
′
s
〉
+
ε
β
〈
p⊥2∇TM,β,εZ f ′t ,∇TM,β,εf ′j f
′
s
〉
+βεZ
(〈
∇TM,β,εf ′j f
′
t , f
′
s
〉)
− βεf ′j
(〈
∇TM,β,εZ f ′t , f ′s
〉)
− βε
〈
∇TM,β,ε[Z,f ′j ] f
′
t , f
′
s
〉
+O
(|Z|2)
= O
(
ε|Z|
β
)
+ O
(|Z|2) .
Now from (2.95)-(2.97), one verifies easily that
(1−Q)∇F ,β,εZ Q = O (ε|Z|) +O
(|Z|2) .(2.123)
Similarly, one has
Q∇F ,β,εZ (1−Q) = O (ε|Z|) +O
(|Z|2) .(2.124)
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On the other hand, by (2.67)-(2.69), one finds that for 1 ≤ j ≤ q,
(1−Q)∇F ,β,ετfj Q = O (ε) +Oβ,ε(|Z|).(2.125)
Similarly,
Q∇F ,β,ετfj (1−Q) = O (ε) +Oβ,ε(|Z|).(2.126)
While for q + 1 ≤ j ≤ q + q1, by (2.67), (2.71) and (2.72), one has
(1−Q)∇F ,β,ετfj Q = O
(
β−1 + ε−1
)
+Oβ,ε(|Z|).(2.127)
Similarly,
Q∇F ,β,ετfj (1−Q) = O
(
β−1 + ε−1
)
+Oβ,ε(|Z|).(2.128)
From (2.115)-(2.128), one gets that if 1 ≤ i, j ≤ q + q1, then the following identity
holds at (x, Z) near s(M),〈
cβ,ε (τ˜ fi) cβ,ε (τ˜ fj)
QRF ,β,ε (Z, τ˜fj) τσ, τσ
〉
=
(
O
(
ε
β2
|Z|
)
+O
(|Z|2)) |σ|2.(2.129)
Now we examine the term〈
cβ,ε (τ˜ fi) cβ,ε (τ˜ fj) τσ,
Q∇F ,β,ε[Z,τ˜fj ](τσ)
〉
in (2.114).
By (2.19) and (2.47), one has(
p+ p⊥1
)
[Z, τfj ] = −
(
p+ p⊥1
)∇TM,β,ετfj Z = − q2∑
k=1
zk
(
p+ p⊥1
)∇TM,β,ετfj (τek).(2.130)
For any 1 ≤ k ≤ q2, 1 ≤ j ≤ q, by (2.51) one verifies easily that
(2.131)(
p+ p⊥1
)∇TM,β,ετfj (τek) = q∑
s=1
〈
∇TM,β,ετfj (τek), f ′s
〉
f ′s +
q+q1∑
s=q+1
〈
∇TM,β,ετfj (τek), f ′s
〉
f ′s
=
q∑
s=1
Oβ,ε (|Z|) f ′s +
q+q1∑
s=q+1
(
O
(
ε2
)
+Oβ,ε (|Z|)
)
f ′s.
By (2.130) and (2.131), for 1 ≤ j ≤ q, one has,
(2.132)
1
β
Q∇F ,β,ε
(p+p⊥1 )[Z,τfj ]
(τσ) =
q∑
i=1
O
(|Z|2) Q∇F ,β,εf ′i (τσ)
+
q+q1∑
i=q+1
O
(
ε2|Z|
β
+ |Z|2
)
Q∇F ,β,εf ′i (τσ).
Similarly, for 1 ≤ k ≤ q2, q + 1 ≤ j ≤ q + q1, one has
p∇TM,β,ετfj (τek) =
q∑
s=1
〈
∇TM,β,ετfj (τek), f ′s
〉
f ′s =
q∑
s=1
O
(
β−2
)
f ′s +
q∑
s=1
Oβ,ε (|Z|) f ′s.
(2.133)
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Thus, for q + 1 ≤ j ≤ q + q1, one has,
ε Q∇F ,β,εp[Z,τfj](τσ) =
q∑
i=1
(
O
(
ε|Z|
β2
)
+O
(|Z|2)) Q∇F ,β,εf ′i (τσ).(2.134)
For 1 ≤ k ≤ q2, q + 1 ≤ j ≤ q + q1, one has by (2.45)
p⊥1∇TM,β,ετfj (τek) =
q+q1∑
s=q+1
〈
∇TM,β,εf ′j (τek), f
′
s
〉
f ′s +Oβ,ε (|Z|) .(2.135)
Thus for q + 1 ≤ j ≤ q + q1, one has by (2.130) and (2.135),
ε Q∇F ,β,ε
p⊥1 [Z,τfj]
(τσ) = −ε
q2∑
k=1
q+q1∑
s=q+1
(
zk
〈
∇TM,β,εf ′j (τek), f
′
s
〉
+O
(|Z|2)) Q∇F ,β,εf ′s (τσ).
(2.136)
Now for any 1 ≤ j ≤ q + q1, one has
(2.137) p⊥2 [Z, τfj] = p
⊥
2∇TMZ (τfj)−∇F
⊥
2
τfj
Z
=
q2∑
k=1
〈∇TMZ (τfj), τek〉 τek − q2∑
k=1
τfj(zk)τek −
q2∑
k=1
zk∇F
⊥
2
τfj
(τek).
From (2.137) and Lemmas 2.6, 2.7, one finds
(2.138) Q∇F ,β,ε
p⊥2 [Z,τfj]
(τσ) = −
q2∑
k=1
τfj(zk)
Q∇F ,β,ετek (τσ)
+O
(|Z|2)(|σ|x + q+q1∑
k=1
∣∣∣ Q∇F ,β,εfk (τσ)∣∣∣x
)
.
For another section σ′ on s(M), one has
(2.139) Z
〈
Q∇F ,β,ετek (τσ), τσ′
〉
=
〈
Q∇F ,β,εZ Q∇F ,β,ετek (τσ), τσ′
〉
=
〈
QRF ,β,ε(Z, τek)τσ, τσ′
〉
+
〈
Q∇F ,β,ε[Z,τek](τσ), τσ′
〉
.
As in (2.137), one verifies
[Z, τek] = −∇F⊥2τekZ = −
q2∑
j=1
τek(zj)τej −
q2∑
j=1
zj∇F⊥2τek(τej).(2.140)
Clearly,
τek(zj) = δkj +O(|Z|).(2.141)
By Lemma 2.7 and (2.139)-(2.141), one deduces that
(2.142)
〈
Q∇F ,β,ετek (τσ), τσ′
〉
=
1
2
〈
QRF ,β,ε(Z, τek)τσ, τσ
′〉 +O (|Z|2)
=
1
2
q2∑
m=1
zm
〈
QRF ,β,ε(τem, τek)τσ, τσ′
〉
+O
(|Z|2) .
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From (2.138) and (2.142), one gets
(2.143)
〈
cβ,ε(τ˜ fi)cβ,ε(τ˜ fj)τσ,
Q∇F ,β,ε
p⊥2 [Z,τ˜fj ]
(τσ)
〉
(x,Z)
= −1
2
〈
cβ,ε(τ˜ fi)cβ,ε(τ˜ fj)τσ,
QRF ,β,ε
(
Z,∇F⊥2τ˜fjZ
)
τσ
〉
(x,Z)
+O(|Z|2).
From (2.56), (2.115), (2.123), (2.124) and (2.143), one gets that for 1 ≤ i, j ≤ q + q1,
(2.144)
〈
cβ,ε(τ˜ fi)cβ,ε(τ˜ fj)τσ,
Q∇F ,β,ε
p⊥2 [Z,τ˜fj ]
(τσ)
〉
(x,Z)
= −1
2
〈
cβ,ε(τ˜ fi)cβ,ε(τ˜ fj)τσ, R
F ,β,ε
(
Z,∇F⊥2τ˜fjZ
)
τσ
〉
(x,Z)
+O
(
ε2|Z|
|τfj |β,ε
)
+O
(|Z|2) .
As in (2.116), we have
(2.145)
(
QRF ,β,εQ
)
(τem, τek)
=
1
4β2
q∑
s, t=1
〈
RTM,β,ε(τem, τek)τfs, τft
〉
β,ε
cβ,ε
(
β−1τfs
)
cβ,ε
(
β−1τft
)
+
ε2
4
q+q1∑
s, t=q+1
〈
RTM,β,ε(τem, τek)τfs, τft
〉
β,ε
cβ,ε(ετfs)cβ,ε(ετft)
+
ε
2β
q∑
s=1
q+q1∑
t=q+1
〈
RTM,β,ε(τem, τek)τfs, τft
〉
β,ε
cβ,ε
(
β−1τfs
)
cβ,ε(ετft).
If 1 ≤ s, t ≤ q, one has, in view of (2.51) and (2.81), that
(2.146)
1
β2
〈
RTM,β,ε(τem, τek)τfs, τft
〉
β,ε
=
〈
RTM,β,ε(τem, τek)f ′s, f
′
t
〉
+Oβ,ε (|Z|)
=
〈∇TM,β,ετem ∇TM,β,ετek f ′s, f ′t〉− 〈∇TM,β,ετek ∇TM,β,ετem f ′s, f ′t〉− 〈∇TM,β,ε[τem,τek]f ′s, f ′t〉+Oβ,ε (|Z|)
= − 〈p∇TM,β,ετek f ′s,∇TM,β,ετem f ′t〉− 1β2ε2 〈p⊥1∇TM,β,ετek f ′s,∇TM,β,ετem f ′t〉− 1β2 〈p⊥2∇TM,β,ετek f ′s,∇TM,β,ετem f ′t〉
+
〈
p∇TM,β,ετem f ′s,∇TM,β,ετek f ′t
〉
+
1
β2ε2
〈
p⊥1∇TM,β,ετem f ′s,∇TM,β,ετek f ′t
〉
+
1
β2
〈
p⊥2∇TM,β,ετem f ′s,∇TM,β,ετek f ′t
〉
+ τem
(〈∇TM,β,ετek f ′s, f ′t〉)− τek (〈∇TM,β,ετem f ′s, f ′t〉)− 〈∇TM,β,ε[τem,τek]f ′s, f ′t〉+Oβ,ε (|Z|)
= O
(
ε2
β2
)
+Oβ,ε (|Z|) .
If 1 ≤ s ≤ q, q + 1 ≤ t ≤ q + q1, one has
(2.147)
ε
β
〈
RTM,β,ε(τem, τek)τfs, τft
〉
β,ε
=
1
βε
〈
RTM,β,ε(τem, τek)f ′s, f
′
t
〉
+Oβ,ε (|Z|)
=
1
βε
〈∇TM,β,ετem ∇TM,β,ετek f ′s, f ′t〉− 1βε 〈∇TM,β,ετek ∇TM,β,ετem f ′s, f ′t〉− 1βε 〈∇TM,β,ε[τem,τek]f ′s, f ′t〉+Oβ,ε (|Z|)
= −βε 〈p∇TM,β,ετek f ′s,∇TM,β,ετem f ′t〉− 1βε 〈p⊥1∇TM,β,ετek f ′s,∇TM,β,ετem f ′t〉− εβ 〈p⊥2∇TM,β,ετek f ′s,∇TM,β,ετem f ′t〉
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+βε
〈
p∇TM,β,ετem f ′s,∇TM,β,ετek f ′t
〉
+
1
βε
〈
p⊥1∇TM,β,ετem f ′s,∇TM,β,ετek f ′t
〉
+
ε
β
〈
p⊥2∇TM,β,ετem f ′s,∇TM,β,ετek f ′t
〉
+
1
βε
τem
(〈∇TM,β,ετek f ′s, f ′t〉)− 1βετek (〈∇TM,β,ετem f ′s, f ′t〉)− 1βε 〈∇TM,β,ε[τem,τek]f ′s, f ′t〉+Oβ,ε (|Z|)
= O
(
ε
β
)
+Oβ,ε (|Z|) .
If q + 1 ≤ s, t ≤ q + q1, one has, in view of (2.2) and (2.45),
(2.148) ε2
〈
RTM,β,ε(τem, τek)τfs, τft
〉
β,ε
= ε2
〈
RTM,β,ε(f ′s, f
′
t)τem, τek
〉
+Oβ,ε (|Z|)
= ε2
〈
∇TM,β,εf ′s ∇
TM,β,ε
f ′t
τem, τek
〉
− ε2
〈
∇TM,β,εf ′t ∇
TM,β,ε
f ′s
τem, τek
〉
− ε2
〈
∇TM,β,ε[f ′s,f ′t] τem, τek
〉
+Oβ,ε (|Z|)
= −ε2β2
〈
p∇TM,β,εf ′t τem,∇
TM,β,ε
f ′s
τek
〉
−
〈
p⊥1∇TM,β,εf ′t τem,∇
TM,β,ε
f ′s
τek
〉
− ε2
〈
p⊥2∇TM,β,εf ′t τem,∇
TM,β,ε
f ′s
τek
〉
+ ε2β2
〈
p∇TM,β,εf ′s τem,∇
TM,β,ε
f ′t
τek
〉
+
〈
p⊥1∇TM,β,εf ′s τem,∇
TM,β,ε
f ′t
τek
〉
+ ε2
〈
p⊥2∇TM,β,εf ′s τem,∇
TM,β,ε
f ′t
τek
〉
+ε2f ′s
(〈
∇TM,β,εf ′t τem, τek
〉)
−ε2f ′t
(〈
∇TM,β,εf ′s τem, τek
〉)
−ε2
〈
∇TM,β,ε[f ′s,f ′t] τem, τek
〉
+Oβ,ε (|Z|)
=
〈
p⊥1∇TM,β,εf ′t τek,∇
TM,β,ε
f ′s
τem
〉
−
〈
∇TM,β,εf ′s τek, p
⊥
1∇TM,β,εf ′t τem
〉
+O
(
ε2
β2
)
+Oβ,ε (|Z|) .
From (2.23), (2.56), (2.114), (2.129), (2.132), (2.144)-(2.148) and the obvious equality∫ +∞
−∞ z
2e−z
2
dz = 1
2
∫ +∞
−∞ e
−z2dz, one gets that for 1 ≤ i, j ≤ q with i 6= j,
(2.149)∫
M
τ˜ fi (fT ) fT
〈
cβ,ε (τ˜ fi) cβ,ε (τ˜ fj) τσ,
Q∇F ,β,ετ˜fj (τσ)− τ
(
Q∇F ,β,ετ˜fj (τσ)
∣∣∣
s(M)
)〉
dvM
=
1
8β2
q+q1∑
s, t=q+1
∫
s(M)
〈
cβ,ε
(
β−1fi
)
cβ,ε
(
β−1fj
)
σ,
(〈
p⊥1∇TM,β,εft
(
∇F⊥2fj Z
)
,∇TM,β,εfs
(
∇F⊥2fi Z
)〉
−
〈
∇TM,β,εfs
(
∇F⊥2fj Z
)
, p⊥1∇TM,β,εft
(
∇F⊥2fi Z
)〉)
cβ,ε(εfs)cβ,ε(εft)σ
〉
dvs(M)
+
(
O
(
ε
β4
)
+O
(
1√
T
))∫
s(M)
|σ|2dvs(M)+
q+q1∑
k=q+1
O
(
ε2
β2
)∫
s(M)
|σ|·
∣∣∣Q∇F ,β,εfk (τσ)∣∣∣ dvs(M)
+O
(
1√
T
)∫
s(M)
q+q1∑
k=1
∣∣∣ Q∇F ,β,εfk (τσ)∣∣∣2 dvs(M).
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Set
(2.150) W =
q∑
i, j=1
q+q1∑
s, t=q+1
∫
s(M)
〈(〈
p⊥1∇TM,β,εft
(
∇F⊥2fj Z
)
,∇TM,β,εfs
(
∇F⊥2fi Z
)〉
−
〈
∇TM,β,εfs
(
∇F⊥2fj Z
)
, p⊥1∇TM,β,εft
(
∇F⊥2fi Z
)〉)
σ, cβ,ε
(
β−1fi
)
cβ,ε
(
β−1fj
)
cβ,ε(εfs)cβ,ε(εft)σ
〉
dvs(M).
From (2.26), (2.57), (2.64), (2.65), (2.70), (2.111), (2.112), (2.149) and (2.150), one
finds,
(2.151) I1 = − W
8β2
+
(
O
(
ε
β4
)
+O
(
1√
T
))∫
s(M)
|σ|2dvs(M)
+O
(
ε3
) ∫
s(M)
q+q1∑
k=q+1
∣∣∣Q∇F ,β,εfk (τσ)∣∣∣2 dvs(M)+O( 1√T
)∫
s(M)
q+q1∑
i=1
∣∣∣ Q∇F ,β,εfi (τσ)∣∣∣2 dvs(M).
Lemma 2.8. There exists C2 > 0 such that the following formula holds on s(M):
q∑
i=1
q+q1∑
t=q+1
∣∣∣p⊥1∇TM,β,εft (∇F⊥2fi Z)∣∣∣2 ≤ C2.(2.152)
Proof. From (1.22) and (2.23), one gets (2.152). 
From (2.23), (2.56), (2.114), (2.129), (2.134), (2.136), (2.144)-(2.148) and (2.152), one
gets that for q + 1 ≤ i, j ≤ q + q1 with i 6= j,
(2.153)∫
M
τ˜ fi (fT ) fT
〈
cβ,ε (τ˜ fi) cβ,ε (τ˜ fj) τσ,
Q∇F ,β,ετ˜fj (τσ)− τ
(
Q∇F ,β,ετ˜fj (τσ)
∣∣∣
s(M)
)〉
dvM
=
(
O
(
ε
β2
)
+O
(
1√
T
))∫
s(M)
|σ|2dvs(M)+
q∑
k=1
O
(
ε2
β2
)∫
s(M)
|σ|·
∣∣∣ Q∇F ,β,εfk (τσ)∣∣∣ dvs(M)
+
q+q1∑
k=q+1
O
(
ε2
) ∫
s(M)
|σ|·
∣∣∣Q∇F ,β,εfk (τσ)∣∣∣ dvs(M)+O( 1√T
)∫
s(M)
q+q1∑
k=1
∣∣∣Q∇F ,β,εfk (τσ)∣∣∣2 dvs(M).
From (2.27), (2.57), (2.64), (2.65), (2.74), (2.111), (2.112) and (2.153), one gets
(2.154) I2 =
(
O
(
β + ε
β2
)
+O
(
1√
T
))∫
s(M)
|σ|2dvs(M)
+
(
O
(
ε2
β2
)
+O
(
1√
T
))∫
s(M)
q∑
i=1
∣∣∣ Q∇F ,β,εfi (τσ)∣∣∣2 dvs(M)
+
(
O
(
ε3
)
+O
(
1√
T
))∫
s(M)
q+q1∑
k=q+1
∣∣∣ Q∇F ,β,εfk (τσ)∣∣∣2 dvs(M).
From (2.23), (2.56), (2.114), (2.129), (2.132), (2.134), (2.136), (2.144)-(2.148), (2.152)
and the equality
∫ +∞
−∞ z
2e−z
2
dz = 1
2
∫ +∞
−∞ e
−z2dz, one gets that for 1 ≤ i ≤ q and q + 1 ≤
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j ≤ q + q1,
(2.155)∫
M
τ˜ fi (fT ) fT
〈
cβ,ε (τ˜ fi) cβ,ε (τ˜ fj) τσ,
Q∇F ,β,ετ˜fj (τσ)− τ
(
Q∇F ,β,ετ˜fj (τσ)
∣∣∣
s(M)
)〉
dvM
=
∫
s(M)
(
O
(
ε
β3
)
+O
(
1√
T
))
|σ|2dvs(M)+
q∑
k=1
O
(
ε
β3
)∫
s(M)
|σ|·
∣∣∣ Q∇F ,β,εfk (τσ)∣∣∣ dvs(M)
+
ε
2β
∫
s(M)
〈
cβ,ε
(
β−1fi
)
cβ,ε (εfj)σ,
Q∇F ,β,ε
p⊥1 ∇TM,β,εfj
(
∇F
⊥
2
fi
Z
)(τσ)
〉
dvs(M)
+O
(
1√
T
)∫
s(M)
q+q1∑
k=1
∣∣∣ Q∇F ,β,εfk (τσ)∣∣∣2 dvs(M),
while for q + 1 ≤ i ≤ q + q1 and 1 ≤ j ≤ q, one has
(2.156)∫
M
τ˜ fi (fT ) fT
〈
cβ,ε (τ˜ fi) cβ,ε (τ˜ fj) τσ,
Q∇F ,β,ετ˜fj (τσ)− τ
(
Q∇F ,β,ετ˜fj (τσ)
∣∣∣
s(M)
)〉
dvM
=
∫
s(M)
(
O
(
ε
β3
)
+O
(
1√
T
))
|σ|2dvs(M)+
q+q1∑
k=q+1
O
(
ε3
β
)∫
s(M)
|σ|·
∣∣∣Q∇F ,β,εfk (τσ)∣∣∣ dvs(M)
+O
(
1√
T
)∫
s(M)
q+q1∑
k=1
∣∣∣ Q∇F ,β,εfk (τσ)∣∣∣2 dvs(M).
From (2.29), (2.57), (2.64), (2.65), (2.73), (2.111), (2.112), (2.155) and (2.156), one
gets
(2.157)
I4 =
ε
β
q∑
i=1
q+q1∑
t=q+1
∫
s(M)
Re
〈cβ,ε (β−1fi) cβ,ε (εft)σ, Q∇F ,β,ε
p⊥1 ∇TM,β,εft
(
∇F
⊥
2
fi
Z
)(τσ)
〉 dvs(M)
+O
(
ε
β4
)∫
s(M)
|σ|2dvs(M) +O
(
ε
β2
)∫
s(M)
q∑
i=1
∣∣∣Q∇F ,β,εfi (τσ)∣∣∣2 dvs(M)
+O
(
ε3
) ∫
s(M)
q+q1∑
k=q+1
∣∣∣ Q∇F ,β,εfk (τσ)∣∣∣2 dvs(M)
+O
(
1√
T
)∫
s(M)
(
|σ|2 +
q+q1∑
k=1
∣∣∣ Q∇F ,β,εfk (τσ)∣∣∣2
)
dvs(M).
DIRAC OPERATORS ON FOLIATIONS: THE LICHNEROWICZ INEQUALITY 45
2.8. Proof of Proposition 2.1. From (2.108)-(2.110), (2.151), (2.154) and (2.157), one
has
(2.158)
6∑
i=1
Ii = − W
8β2
+O
(
1
β
+
ε
β4
)∫
s(M)
|σ|2dvs(M)+O
(
ε
β2
)∫
s(M)
q∑
i=1
∣∣∣Q∇F ,β,εfi (τσ)∣∣∣2 dvs(M)
+
ε
β
q∑
i=1
q+q1∑
t=q+1
∫
s(M)
Re
〈cβ,ε (β−1fi) cβ,ε (εft)σ, Q∇F ,β,ε
p⊥1 ∇TM,β,εft
(
∇F
⊥
2
fi
Z
)(τσ)
〉 dvs(M)
+O
(
ε3
) ∫
s(M)
q+q1∑
k=q+1
∣∣∣ Q∇F ,β,εfk (τσ)∣∣∣2 dvs(M)
+O
(
1√
T
)∫
s(M)
(
|σ|2 +
q+q1∑
k=1
∣∣∣ Q∇F ,β,εfk (τσ)∣∣∣2
)
dvs(M).
From (2.9), (2.10), (2.25), (2.32) and (2.42), one deduces that
(2.159)
∥∥pT,β,εDF ,β,εJT,β,εσ∥∥20 ≥ 〈( kF4β2 +O
(
1
β
+
ε2
β2
))
JT,β,εσ, JT,β,εσ
〉
+
1
β2
q∑
i=1
∥∥∥pT,β,ε∇F ,β,ετfi JT,β,εσ∥∥∥20 + ε2
q+q1∑
i=q+1
∥∥∥pT,β,ε∇F ,β,ετfi JT,β,εσ∥∥∥20
+
q2∑
i=1
∥∥∇F ,β,ετei JT,β,εσ∥∥20 − q2∑
i=1
∥∥(1− pT,β,ε) cβ,ε(τei)∇F ,β,ετei JT,β,εσ∥∥2 − 6∑
k=1
Ik.
Clearly, for any 1 ≤ i ≤ q2, one has
(2.160)
∥∥∇F ,β,ετei JT,β,εσ∥∥20 − ∥∥(1− pT,β,ε) cβ,ε(τei)∇F ,β,ετei JT,β,εσ∥∥20
≥ ∥∥∇F ,β,ετei JT,β,εσ∥∥20 − ∥∥cβ,ε(τei)∇F ,β,ετei JT,β,εσ∥∥20 = 0.
From (2.159) and (2.160), one gets
(2.161)
∥∥pT,β,εDF ,β,εJT,β,εσ∥∥20 ≥ 〈( kF4β2 +O
(
1
β
+
ε2
β2
))
JT,β,εσ, JT,β,εσ
〉
+
1
β2
q∑
i=1
∥∥∥pT,β,ε∇F ,β,ετfi JT,β,εσ∥∥∥20 + ε2
q+q1∑
i=q+1
∥∥∥pT,β,ε∇F ,β,ετfi JT,β,εσ∥∥∥20 −
6∑
k=1
Ik.
Now since for any U, V ∈ Γ(F⊥1 ), W ∈ Γ(F⊥2 ), one has
〈
∇TM,β,εU W,V
〉
−
〈
∇TM,β,εV W,U
〉
= −ε2
〈
W,∇TM,β,εU V −∇TM,β,εV U
〉
= −ε2 〈W, [U, V ]〉 ,
(2.162)
46 WEIPING ZHANG
it is easy to verify that for 1 ≤ i ≤ q,
(2.163)
q+q1∑
t=q+1
∫
s(M)
Re
〈cβ,ε (β−1fi) cβ,ε (εft) σ, Q∇F ,β,ε
p⊥1 ∇TM,β,εft
(
∇F
⊥
2
fi
Z
)(τσ)
〉 dvs(M)
=
q+q1∑
t=q+1
∫
s(M)
Re
(〈
cβ,ε
(
β−1fi
)
cβ,ε
(
εp⊥1∇TM,β,εft
(
∇F⊥2fi Z
))
σ, Q∇F ,β,εft (τσ)
〉)
dvs(M)
+O
(
ε2
) q+q1∑
t=q+1
∫
s(M)
|σ| ·
∣∣∣Q∇F ,β,εft (τσ)∣∣∣ dvs(M)
=
q+q1∑
t=q+1
Re
(〈
JT,β,εcβ,ε
(
β−1fi
)
cβ,ε
(
εp⊥1∇TM,β,εft
(
∇F⊥2fi Z
))
σ, Q∇F ,β,ετft JT,β,εσ
〉)
+O
(
ε2
β
)∫
s(M)
|σ|2dvs(M) +O
(
β ε2
) ∫
s(M)
q+q1∑
k=q+1
∣∣∣ Q∇F ,β,εfk (τσ)∣∣∣2 dvs(M)
+O
(
1√
T
)∫
s(M)
(
|σ|2 +
q+q1∑
k=1
∣∣∣ Q∇F ,β,εfk (τσ)∣∣∣2
)
dvs(M).
Also, by the obvious equality |a + b|2 = |a|2 + |b|2 + 2Re(〈a, b〉), one has, for any
q + 1 ≤ t ≤ q + q1,
(2.164)∥∥∥∥∥ε pT,β,ε∇F ,β,ετft JT,β,εσ − 12β
q∑
i=1
JT,β,εcβ,ε
(
β−1fi
)
cβ,ε
(
εp⊥1∇TM,β,εft
(
∇F⊥2fi Z
))
σ
∥∥∥∥∥
2
0
= ε2
∥∥∥pT,β,ε∇F ,β,ετft JT,β,εσ∥∥∥20 + 14β2
∥∥∥∥∥
q∑
i=1
cβ,ε
(
β−1fi
)
cβ,ε
(
εp⊥1∇TM,β,εft
(
∇F⊥2fi Z
))
σ
∥∥∥∥∥
2
0
− ε
β
q∑
i=1
Re
(〈
JT,β,εcβ,ε
(
β−1fi
)
cβ,ε
(
εp⊥1∇TM,β,εft
(
∇F⊥2fi Z
))
σ, Q∇F ,β,ετft JT,β,εσ
〉)
,
with the following pointwise formula on s(M), where again (2.162) is used,
(2.165)
q+q1∑
t=q+1
(
q∑
i=1
cβ,ε
(
β−1fi
)
cβ,ε
(
εp⊥1∇TM,β,εft
(
∇F⊥2fi Z
)))2
= −
q∑
i=1
q+q1∑
t=q+1
∣∣∣p⊥1∇TM,β,εft (∇F⊥2fi Z)∣∣∣2
−1
2
q∑
i, j=1
q+q1∑
t=q+1
cβ,ε
(
β−1fi
)
cβ,ε
(
β−1fj
) (
cβ,ε
(
εp⊥1∇TM,β,εft
(
∇F⊥2fi Z
))
cβ,ε
(
εp⊥1∇TM,β,εft
(
∇F⊥2fj Z
))
−cβ,ε
(
εp⊥1∇TM,β,εft
(
∇F⊥2fj Z
))
cβ,ε
(
εp⊥1∇TM,β,εft
(
∇F⊥2fi Z
)))
= −
q∑
i=1
q+q1∑
t=q+1
∣∣∣p⊥1∇TM,β,εft (∇F⊥2fi Z)∣∣∣2−12
q∑
i, j=1
q+q1∑
s, t=q+1
cβ,ε
(
β−1fi
)
cβ,ε
(
β−1fj
)
cβ,ε(εfs)cβ,ε(εft)
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p⊥1∇TM,β,εfs
(
∇F⊥2fi Z
)
,∇TM,β,εft
(
∇F⊥2fj Z
)〉
−
〈
p⊥1∇TM,β,εfs
(
∇F⊥2fj Z
)
,∇TM,β,εft
(
∇F⊥2fi Z
)〉)
+O
(
ε2
)
.
From (2.150), (2.158), (2.161) and (2.163)-(2.165), we get
(2.166)
∥∥pT,β,εDF ,β,εJT,β,εσ∥∥20 ≥ 〈( kF4β2 +O
(
1
β
+
ε2
β2
))
JT,β,εσ, JT,β,εσ
〉
+
1
β2
q∑
i=1
∥∥∥pT,β,ε∇F ,β,ετfi JT,β,εσ∥∥∥20
+
q+q1∑
t=q+1
∥∥∥∥∥ε pT,β,ε∇F ,β,ετft JT,β,εσ − 12β
q∑
i=1
JT,β,εcβ,ε
(
β−1fi
)
cβ,ε
(
εp⊥1∇TM,β,εft
(
∇F⊥2fi Z
))
σ
∥∥∥∥∥
2
0
− 1
4β2
q∑
i=1
q+q1∑
t=q+1
∫
s(M)
∣∣∣p⊥1∇TM,β,εft (∇F⊥2fi Z)∣∣∣2 · |σ|2dvs(M)
+O
(
1
β
+
ε
β4
)∫
s(M)
|σ|2dvs(M) +O
(
ε
β2
)∫
s(M)
q∑
i=1
∣∣∣ Q∇F ,β,εfi (τσ)∣∣∣2 dvs(M)
+O
(
ε3
) ∫
s(M)
q+q1∑
k=q+1
∣∣∣ Q∇F ,β,εfk (τσ)∣∣∣2 dvs(M)
+O
(
1√
T
)∫
s(M)
(
|σ|2 +
q+q1∑
k=1
∣∣∣ Q∇F ,β,εfk (τσ)∣∣∣2
)
dvs(M).
For 1 ≤ i ≤ q + q1, by (2.18) and (2.33)-(2.35), one has,
(2.167) pT,β,ε∇F ,β,ετfi JT,β,εσ = pT,β,ε
(
τfi (fT ) τσ + fT∇F ,β,ετfi (τσ)
)
=
(∫
Mx
fT τfi (fT ) k dvMx
)
JT,β,εσ + pT,β,ε
(
fTQ∇F ,β,ετfi (τσ)
)
.
From (2.36) and Lemma 2.6, one deduces that the following formula holds for any
1 ≤ i ≤ q + q1,
(2.168)
∥∥∥pT,β,ε (fTQ∇F ,β,ετfi (τσ))∥∥∥20 =
∫
s(M)
∣∣∣ Q∇F ,β,εfi (τσ)∣∣∣2 dvs(M)
+O
(
1√
T
)∫
s(M)
|σ|2dvs(M) +O
(
1√
T
) q+q1∑
j=1
∫
s(M)
∣∣∣ Q∇F ,β,εfj (τσ)∣∣∣2 dvs(M).
If 1 ≤ i ≤ q, by (2.44) and (2.60), one gets∫
Mx
fT τfi (fT ) k dvMx = O (1) +O
(
1√
T
)
.(2.169)
If q + 1 ≤ i ≤ q + q1, by (2.45) and (2.60), one gets∫
Mx
fT τfi (fT ) k dvMx = O
(
1
β2
)
+O
(
1√
T
)
.(2.170)
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Recall the following obvious inequality,
|a+ b|2 ≥ |a|
2
2
− |b|2.(2.171)
By (2.152) and (2.167)-(2.171), one gets that for 0 < δ ≤ 1 sufficiently small,
(2.172)
1
β2
q∑
i=1
∥∥∥pT,β,ε∇F ,β,ετfi JT,β,εσ∥∥∥20
+
q+q1∑
i=q+1
∥∥∥∥∥ε pT,β,ε∇F ,β,ετft JT,β,εσ − 12β
q∑
i=1
JT,β,εcβ,ε
(
β−1fi
)
cβ,ε
(
εp⊥1∇TM,β,εft
(
∇F⊥2fi Z
))
σ
∥∥∥∥∥
2
0
≥
q∑
i=1
εδ
β2
∥∥∥pT,β,ε∇F ,β,ετfi JT,β,εσ∥∥∥20
+εδ
q+q1∑
i=q+1
∥∥∥∥∥ε pT,β,ε∇F ,β,ετft JT,β,εσ − 12β
q∑
i=1
JT,β,εcβ,ε
(
β−1fi
)
cβ,ε
(
εp⊥1∇TM,β,εft
(
∇F⊥2fi Z
))
σ
∥∥∥∥∥
2
0
≥
∫
s(M)
(
O
(
εδ
β4
)
+O
(
1√
T
))
|σ|2dvs(M) + ε
δ
4β2
q∑
i=1
∫
s(M)
∣∣∣Q∇F ,β,εfi (τσ)∣∣∣2 dvs(M)
+
ε2+δ
8
q+q1∑
i=q+1
∫
s(M)
∣∣∣Q∇F ,β,εfi (τσ)∣∣∣2 dvs(M) +O( 1√T
) q+q1∑
i=1
∫
s(M)
∣∣∣Q∇F ,β,εfi (τσ)∣∣∣2 dvs(M).
From (2.166) and (2.172), one deduces that
(2.173)∥∥pT,β,εDF ,β,εJT,β,εσ∥∥20 ≥ ∫
s(M)
(
kF
4β2
− 1
4β2
q∑
i=1
q+q1∑
t=q+1
∣∣∣p⊥1∇TM,β,εft (∇F⊥2fi Z)∣∣∣2
)
|σ|2dvs(M)
+O
(
1
β
+
εδ
β4
)∫
s(M)
|σ|2dvs(M) +
(
εδ
4β2
+O
(
ε
β2
)) q∑
k=1
∫
s(M)
∣∣∣ Q∇F ,β,εfk (τσ)∣∣∣2 dvs(M)
+
(
ε2+δ
8
+O
(
ε3
)) q+q1∑
k=q+1
∫
s(M)
∣∣∣Q∇F ,β,εfk (τσ)∣∣∣2 dvs(M)
+O
(
1√
T
)∫
s(M)
(
|σ|2 +
q+q1∑
k=1
∣∣∣ Q∇F ,β,εfk (τσ)∣∣∣2
)
dvs(M).
From (2.173), one gets (2.22).
The proof of Proposition 2.1 is completed.
2.9. Proof of Theorem 0.1. Since the metric gF = π∗gF is lifted from gF , for any
x ∈M, one has
kF(x) = kF (π(x)).(2.174)
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Lemma 2.9. For any X ∈ Γ(s∗F ), U, V ∈ Γ(F⊥1 |s(M)), one has,〈
∇TM,β,εU X, V
〉
gF
⊥
1
=
〈ω (π∗X)π∗U, π∗V 〉gF⊥
2
+O
(
ε2
)
.(2.175)
Proof. Without loss of generality, we assume that s∗F⊥ = F⊥1 |s(M). Then s∗F ⊆ (F ⊕
F⊥2 )|s(M) is orthogonal to s∗F⊥ with respect to gTM|s(M).
We first fix a β0 > 0 and compute by using (1.8) that〈
∇TM,β,εU X, V
〉
=
〈
∇TM,β0,εU X, V
〉
+O
(
ε2
)
.(2.176)
Let gTMβ0,ε = s
∗gTMβ0,ε be the induced metric on TM . Then one has g
TM
β0,ε
= gFβ0+
gF
⊥
ε2
, with
gFβ0 does not depend on ε. Let ∇TM,β0,ε denote the associated Levi-Civita connection.
Then one has (cf. (A.2))〈
∇TM,β0,εU X, V
〉
=
〈
∇TM,β0,εpi∗U π∗X, π∗V
〉
=
〈ω (π∗X)π∗U, π∗V 〉
2
+O
(
ε2
)
.(2.177)
From (2.176) and (2.177), one gets (2.175). 
Now let f̂ ∈ Γ(F ), U ∈ Γ(F⊥1 |s(M)). Denote f = (π∗f̂)|s(M) ∈ Γ(F|s(M)). Then one
has on s(M) that
f =
(
f − s∗f̂
)
+ s∗f̂ ,(2.178)
with f − s∗f̂ ∈ Γ(F⊥2 |s(M)), as π∗(f − s∗f̂) = f̂ − f̂ = 0.
Thus, as Z ≡ 0 on s(M) (cf. (2.19)), the following identity holds on s(M),
∇F⊥2f Z = ∇F
⊥
2
f−s∗f̂Z = f − s∗f̂ .(2.179)
From (1.20), (2.175) and (2.179), one finds
(2.180) π∗
((
p⊥1∇TM,β,εU
(
∇F⊥2f Z
))∣∣∣
s(M)
)
= π∗
(
p⊥1∇TM,β,εU
(
f − s∗f̂
))
= −1
2
ω
(
f̂
)
π∗U +O
(
ε2
)
.
Let f̂1, · · · , f̂q be an orthonormal basis of (F, gF ); h1, · · · , hq1 an orthornormal basis
of (F⊥, gF
⊥
).
By (2.174) and (2.180), (2.22) in Proposition 2.1 now takes the form
(2.181)
∥∥pT,β,εDF ,β,εJT,β,εσ∥∥20 ≥ ∫
s(M)
(
kF
4β2
− 1
16β2
q∑
i=1
q1∑
s=1
∣∣∣ω (f̂i)hs∣∣∣2
)
|σ|2dvs(M)
− C ′
(
1
β
+
εδ
β4
)∫
s(M)
|σ|2dvs(M) + ε
δ
8β2
q∑
k=1
∫
s(M)
∣∣∣ Q∇F ,β,εfk (τσ)∣∣∣2 dvs(M)
+
ε2+δ
16
q+q1∑
k=q+1
∫
s(M)
∣∣∣ Q∇F ,β,εfk (τσ)∣∣∣2 dvs(M)−Cβ,ε√T
∫
s(M)
(
|σ|2 +
q+q1∑
k=1
∣∣∣Q∇F ,β,εfk (τσ)∣∣∣2
)
dvs(M).
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Let D̂β,εs(M) : Γ((S(F ⊕ F⊥1 ))|s(M))→ Γ((S(F ⊕ F⊥1 ))|s(M)) be the limit operator
D̂β,εs(M) = limT→+∞
J−1T,β,εpT,β,εD
F ,β,εJT,β,ε.(2.182)
The existence of the limit is clear. Also, one verifies easily that D̂β,εs(M) is a formally self-
adjoint (with respect to the inner product in (2.11)) Dirac type operator.15 homotopic
through a family of Moreover, for any σ ∈ Γ((S(F ⊕F⊥1 ))|s(M)), one has by (2.181) that
(2.183)
∥∥∥D̂β,εs(M)σ∥∥∥2
0
≥
∫
s(M)
(
kF
4β2
− 1
16β2
q∑
i=1
q1∑
s=1
∣∣∣ω (f̂i)hs∣∣∣2
)
|σ|2dvs(M)
− C ′
(
1
β
+
εδ
β4
)∫
s(M)
|σ|2dvs(M) + ε
δ
8β2
q∑
k=1
∫
s(M)
∣∣∣ Q∇F ,β,ε
pi∗f̂k
σ
∣∣∣2 dvs(M)
+
ε2+δ
16
q1∑
t=1
∫
s(M)
∣∣∣Q∇F ,β,εpi∗ht σ∣∣∣2 dvs(M).
Theorem 0.1 follows from (2.183) easily.
Remark 2.10. The above proof assumes that F and F⊥ ≃ TM/F are oriented, which is
needed in the construction of the Connes fibration. When F⊥ is not orientable, one can
pass to the double covering of M , with respect to w1(TM/F ) (the first Stiefel-Whitney
class of TM/F ), to complete the proof.
For a more concrete form of D̂β,εs(M), let D˜
β,ε
s(M) : Γ((S(F ⊕ F⊥1 ))|s(M)) → Γ((S(F ⊕
F⊥1 ))|s(M)) be defined by that for any σ ∈ Γ((S(F ⊕F⊥1 ))|s(M)),
D˜β,εs(M)σ =
(
1
β
q∑
i=1
cβ,ε
(
β−1π∗f̂i
)
Q∇F ,β,ε
pi∗f̂i
(τσ) + ε
q1∑
t=1
cβ,ε (ε π
∗ht)
Q∇F ,β,εpi∗ht (τσ)
)∣∣∣∣∣
s(M)
,
(2.184)
which by (2.77) could be written as
D˜β,εs(M) =
1
β
q∑
i=1
cβ,ε
(
β−1π∗f̂i
)
Q∇F ,β,ε
s∗f̂i
+ ε
q1∑
t=1
cβ,ε (ε π
∗ht)
Q∇F ,β,εs∗ht ,(2.185)
which is clearly of Dirac type.
By (2.18), (2.37), (2.38), (2.82) and (2.182), one sees directly that there exists Yβ,ε ∈
Γ((F ⊕ F⊥1 )|s(M)) such that
D̂β,εs(M) = D˜
β,ε
s(M) + cβ,ε (Yβ,ε) .(2.186)
Let (D˜β,εs(M))
∗ be the formal adjoint of D˜β,εs(M) with respect to the inner product in (2.11).
From (2.186), one gets
Theorem 2.11. The following identity holds,
D̂β,εs(M) =
1
2
(
D˜β,εs(M) +
(
D˜β,εs(M)
)∗)
.(2.187)
15Since in general (F ⊕ F⊥1 )|s(M) 6= Ts(M) geometrically, here by a Dirac type operator we mean
that its symbol is homotopic, through invertible elements, to that of a standard Dirac operator.
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Appendix A. Adiabatic limit and the scalar curvature on a foliation
In this Appendix, we summarise the computation of the adiabatic limit of the scalar
curvature on an arbitrary foliation carried out in [13] and [12].
Let (M,F ) be a foliated manifold. We take the orthogonal splitting as in (0.3). Let
p⊥ : TM → F⊥ be the corresponding orthogonal projection.
For any ε > 0, let gTMε be the Riemannian metric on TM such that
gTMε = g
F ⊕ g
F⊥
ε2
.(A.1)
Let ∇TM,ε be the associated Levi-Civita connection.
For any X ∈ Γ(F ), let ω(X) ∈ Γ(End(F⊥)) be defined as in (0.4). Then for any
U ∈ Γ(F⊥) one has (cf. [13, (1.7) and (1.13)] and [12, (2.6)])
1
2
ω(X)U = lim
ε→0
p⊥∇TM,εU X.(A.2)
Let f1, · · · , fq be an orthonormal basis of (F, gF ); h1, · · · , hq1 an orthornormal basis
of (F⊥, gF
⊥
). In what follows, we assume X, Y are of fi’s, while U, V are of hs’s.
Set
|ω(X)U |2 =
q1∑
s=1
|〈ω(X)U, hs〉|2, |ω(X)|2 =
q1∑
s, t=1
|〈ω(X)ht, hs〉|2 =
q1∑
s=1
|ω(X)hs|2.
(A.3)
It is easy to verify that〈
RTM,ε(X, Y )X, Y
〉
=
〈
RF (X, Y )X, Y
〉
+O
(
ε2
)
.(A.4)
Also, by (A.2), one has
(A.5)
ε2
〈
RTM,ε(U, V )U, V
〉
= ε2
(
〈∇TM,εU ∇TM,εV U, V 〉 − 〈∇TM,εV ∇TM,εU U, V 〉 − 〈∇TM,ε[U,V ]U, V 〉
)
= −ε4
〈
∇TM,εV U, p∇TM,εU V
〉
+ ε4
〈
∇TM,εU U, p∇TM,εV V
〉
+O
(
ε2
)
= −1
4
q∑
i=1
|〈ω(fi)U, V 〉|2 + 1
4
q∑
i=1
〈ω(fi)U, U〉〈ω(fi)V, V 〉+O
(
ε2
)
,
and
(A.6)〈
RTM,ε(X,U)X,U
〉
=
〈
∇TM,εX
(
p + p⊥
)∇TM,εU X,U〉−〈∇TM,εU (p+ p⊥)∇TM,εX X,U〉
−
〈
∇TM,ε[X,U ]X,U
〉
=
〈
∇TM,εX p⊥∇TM,εU X,U
〉
−
〈
∇TM,εU p∇TMX X,U
〉
−
〈
∇TM,ε
p⊥[X,U ]
X,U
〉
+O
(
ε2
)
=
〈
∇TM,εX p⊥∇TM,εU X,U
〉
− 1
2
〈
ω(X)U, p⊥[X,U ]
〉− 1
2
〈
ω
(
p∇TMX X
)
U, U
〉
+O
(
ε2
)
=
〈
∇TM,εX p⊥∇TM,εU X,U
〉
−1
2
〈
ω(X)U, p⊥∇TM,εX U
〉
+
1
4
|ω(X)U |2−1
2
〈
ω
(
p∇TMX X
)
U, U
〉
+O
(
ε2
)
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= X
〈
p⊥∇TM,εU X,U
〉
−
〈
p⊥∇TM,εU X,∇TM,εX U
〉
− 1
2
〈
ω(X)U, p⊥∇TM,εX U
〉
+
1
4
|ω(X)U |2 − 1
2
〈
ω
(
p∇TMX X
)
U, U
〉
+O
(
ε2
)
=
1
2
X 〈ω(X)U, U〉−
〈
ω(X)U, p⊥∇TM,εX U
〉
+
1
4
|ω(X)U |2− 1
2
〈
ω
(
p∇TMX X
)
U, U
〉
+O
(
ε2
)
=
1
2
X 〈ω(X)U, U〉 − 〈ω(X)U, p⊥[X,U ]〉− 1
4
|ω(X)U |2 − 1
2
〈
ω
(
p∇TMX X
)
U, U
〉
+O
(
ε2
)
.
Recall that the leafwise scalar curvature kF (associated to gF ) has been defined in
(1.27). Let kTM,ε be the scalar curvature associated to gTMε . The following formula gives
the adiabatic limit (ε→ 0) behaviour of kTM,ε.
From (A.4)-(A.6), one finds
(A.7) kTM,ε = −
q∑
i, j=1
〈
RTM,ε(fi, fj)fi, fj
〉− ε2 q1∑
s, t=1
〈
RTM,ε(hs, ht)hs, ht
〉
− 2
q∑
i=1
q1∑
s=1
〈
RTM,ε(fi, hs)fi, hs
〉
= kF+
1
4
q∑
i=1
q1∑
s, t=1
(|〈ω(fi)hs, ht〉|2 − 〈ω(fi)hs, hs〉〈ω(fi)ht, ht〉)− q∑
i=1
q1∑
s=1
fi (〈ω(fi)hs, hs〉)
+2
q∑
i=1
q1∑
s=1
〈
ω(fi)hs, p
⊥[fi, hs]
〉
+
1
2
q∑
i=1
q1∑
s=1
|ω(fi)hs|2+
q∑
i=1
q1∑
s=1
〈
ω
(
p∇TMfi fi
)
hs, hs
〉
+O
(
ε2
)
= kF +
3
4
q∑
i=1
|ω(fi)|2 − 1
4
q∑
i=1
(
q1∑
s=1
〈ω(fi)hs, hs〉
)2
−
q∑
i=1
q1∑
s=1
fi (〈ω(fi)hs, hs〉)
+2
q∑
i=1
q1∑
s=1
〈
ω(fi)hs, p
⊥[fi, hs]
〉
+
q∑
i=1
q1∑
s=1
〈
ω
(
p∇TMfi fi
)
hs, hs
〉
+O
(
ε2
)
.
Remark A.1. If q1 = 1, that is, if (M,F ) is a codimension one foliation, one finds
p⊥[fi, h1] = p⊥∇TM,εfi h1 − p⊥∇TM,εh1 fi = −p⊥∇TM,εh1 fi.(A.8)
Then (A.7) becomes,
kTM,ε = kF − 1
2
q∑
i=1
|ω(fi)|2 −
q∑
i=1
fi (〈ω(fi)h1, h1〉) +
q∑
i=1
〈
ω
(
p∇TMfi fi
)
h1, h1
〉
+O
(
ε2
)
.
(A.9)
In this case, if one assumes M is spin and takes the Dirac operator Dε associated to
gTMε , then by the Lichnerowicz formula [10] and (A.9), one deduces that
(A.10) D2ε =
q∑
i=1
(
∇εfi +
1
4
〈ω(fi)h1, h1〉
)∗(
∇εfi +
1
4
〈ω(fi)h1, h1〉
)
+ ε2
(∇εh1)∗∇εh1
+
1
4
(
kF − 3
4
q∑
i=1
|ω(fi)|2
)
+O
(
ε2
)
,
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where ∇ε is the canonical connection on the corresponding spinor bundle, which implies
that
D2ε ≥
1
4
(
kF − 3
4
q∑
i=1
|ω(fi)|2
)
+O
(
ε2
)
.(A.11)
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